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ABSTRACT

In a prismatic channel, the shape of the surface profile remains fixed as long as the
discharge, the slope, and the boundary conditions remain fixed. This “Principle of rigid-
ity of the profile’” was previously applied to the observation, under laboratory condi-
tions, of 41 M-1 type profiles for steady flow in prismatic channels. The same **Princi-
ple of rigidity of the profile’”” is now applied to the derivation, from these same profiles,
of extensive data on relations among stage, fall, and discharge. These data are used to
test the applicability of various methods of determining discharge under variable fall,
under the particular conditions of boundary and slope which existed in the laboratory.
Diagrams are presented to show that, using the uniform-flow ratings as a basis of com-
parisons, all the known curves of relation between stage, fall, and discharge become
three-dimensional diagrams, rather than single curves. A new method of preparing such
three-dimensional diagrams is proposed.

Other diagrams are presented to show that by introduction of an optimum amount of
backwater and substitution of the resulting fixed-backwater rating in place of the uniform-
flow rating as a basis of comparisons, the correlation between discharge ratios and fall
ratios is so improved that a single curve of relation will, under all conditions that were
tested, lead to a close approximation of the true discharge.

Throughout the report emphasis is placed upon the fact that the findings and conclu-
sions are solely with respect to the particular conditions of boundary and slope which
were used in the laboratory. The applicability of these conclusions to field conditions
has not been extensively explored. The final section of the report presents suggestions
for use in connection with field problems.

In the early part of the report, and incidental to the main theme, there is presented the
theory of flow in prismatic channels. Data are presented to show the extent to which the
laboratory observations are in agreement with this theory.

1



2 STAGE-FALL-DISCHARGE RELATIONS
INTRODUCTION
PURPOSE

Gradually vamed flow may be observed in almost any natural water course,
From one cross section to another, even though the discharge is the same, vari-
ations may be expected in the velocities. Although usually due to changes in the
size or shape of the cross sections of the stream channel, or a combination of
these changes, the velocity variations may occur in perfectly uniform channels
also. The changes often are so gradual as to escape casual observation, but the
hydraulic problems involved are nevertheless problems in gradually varied flow.
The problems are of particular importance on streams for which the discharge
cannot be determined by reference to stage alone, but which also require the ad-
ditional factor of fall as determined from an auxiliary gage. In such cases read-
ings from the base gage and from the auxiliary gage determine two points on a
surface profile for gradually varied flow. Thus a better understanding of this type
of flow will contribute to better understanding of the stage-fall-discharge rela-
tions at gaging stations affected by variable fall.

Many hydraulic engineers have only meager knowledge of gradually varied flow,
Even among those who work exclusively with flow of water in open channels the
subject has been greatly neglected. Some have not realized the importance of the
problems; others have been discouraged by the complex nature of the mathematics
that forms the usual basis of approach. Furthermore, study of the problem by ob-
servations on natural water courses is handicapped by inability to evaluate the
pertinent hydraulic factors. Study in the laboratory, where such factors may be
controlled and evaluated, has until recently been considered impractical, because
of the excessively long channel that was thought to be necessary.

Foremost among the reasons for the lack of experimental data on gradually var-
ied flow profiles lies the incongruity between the length of laboratory channels
and the length of the curves to be investigated. Except for comparatively small
discharges or comparatively steep slopes, or a combination of both, the investi-
gator is likely to find that the curve he wishes to investigate is several times the
length of the longest channel available for the study. To develop a curve 1,000
feet long in a channel whose length is only 100 feet seems, at first glance, a bit
irrational. Further study of the problem, however, indicates that, for prismatic
channels, such studies can be made in a comparatively simple manner. A tech-
nique for this purpose was first suggested by Mononobe (1938) and later devel-
oped more fully by graduate students at the University of Illinois (Mitchell and
Barron, 1946). After this work had been tested and reviewed, an agreement was
reached between the University of Illinois and the United States Geological Sur-
vey to extend and enlarge the scope of the observations. The data obtained under
this agreement have been published as Bulletin 381 of the University of Illinois
Engineering Experiment Station (Lansford and Mitchell, 1949), hereafter referred
to in this report as Bulletin 381.
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In Bulletin 381 the objective was to obtain and publish laboratory observa-
tions. No attempt was made to apply the data to the particular use of the Geolog-
ical Survey: the determination of stage-fall-discharge relationships. These rela-
tionships, however, were considered to be the ultimate objective of the Survey’s
interest in the data, and a study was begun at the earliest opportunity. The pres-
ent report presents the results of that study.

SCOPE

This report is considered to be a companion volume of Bulletin 381, There is
little, if any, duplication of material in the two reports, They deal with the same
data, but with different objectives. Bulletin 381 presents laboratory observations
with only such analyses as were essential to a proper presentation of the data;
the present work applies these data to development of stage-fall-discharge tech-
niques. Enough basic information has been included in the present work to make
it self-sufficient for its intended purpose. For example, the uniform depth—
discharge ratings for the several channels, which appeared as a part of Bulletin
381, have not been repeated here. In this report, however, for each of the several
channels tables of depth versus k have been provided, and information has been
provided for computing area for any depth in any channel. The factor & is defined
as a function such that, when multiplied by area and the square root of the bed
slope, the uniform discharge is obtained. Thus the uniform-depth-discharge rat-
ings, although not tabulated in this report, may be obtained from information con-
tained herein. Likewise, the detailed tables of profile observations which eon-
stitute almost 50 percent of Bulletin 381 have not been repeated here, Instead
there has been condensed into a few pages a series of ‘‘smoothed profiles’” dif-
fering from the original data only in the manner in which a completed rating table
differs from the raw tabulation first read from a rating curve—that is, the data
have been slightly adjusted to obtain smoothly changing values of the first and
second differences. This smoothing has been essential to certain portions of the
subsequent analysis and as presented herein may save other students many hours
of tedious effort. On the other hand, profiles drawn through these smoothed data
will differ only imperceptibly from profiles drawn from the original data of Bul-
letin 381, The smoothed profiles, tables 1 to 5 should not be confused with the
computed profiles, tables 12 to 16, which form the basis of analysis in the final
sections of the report.

Limitations of funds and of personnel have prevented the complete analysis of
all the profiles presented in Bulletin 381. To provide the greatest range of infor-
mation intensity of the analysis has been varied in the following order:

1. The six profiles of cross section 2-a rectangular channel lined with mate-
rial of the same roughness throughout the entire depth range.

2. The seven profiles of cross section 5—a flood-plain channel lined identi-
cally with that of cross section 2.
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3. The seven profiles of cross section 4—a rectangular channel lined with ma-
terial of the same roughness throughout the entire depth range, this material being
much rougher than for cross section 2.

4. The five profiles of cross section 3—a rectangular channel in which the lin-
ing of the upper part was identical with that of cross section 4, and in which the
lower part was the same as that of cross section 2, except for the deterioration of
lining material during the 2 years which had elapsed.

5. The four profiles of cross section 6—a flood-plain channel in which the lin-
ing of the lower part was identical to that of cross section 5, and in which the
upper part was unlined.

In general, a given method of analysis or correlation was tried first on the pro-
files of item 1 above. In cases where further tests appeared desirable, they were
continued on the profiles of item 2. If conclusions were still in doubt, tests were
continued on the other profiles in the order indicated above.

Most of the results of such tests have been included in the following pages. For
many of the techniques tested the results, as applied to these laboratory data,
have proved unsatisfactory. It does not necessarily follow that these same tech-
niques are unsatisfactory for other channels in which different conditions may be
more favorable to the particular technique. Whether the results of a given test
were good or poor, however, they have been included to the end that the reader
may see for himself the nature of the results and thus make his own decision as
to whether the method should be applied to his particular problem or analysis.

It cannot be too strongly emphasized that the tests contained herein are for
steady flow in prismatic channels. Furthermore, the channel slope, although
“‘mild”" in the technical classification of fluid mechanics, is much steeper than
generally encountered in field problems of gradually varied flow—this steepness
of slope arises from practical limitations of the laboratory technique. Thus, the
conclusions which may be drawn from the analysis of these data must not be
blindly transferred to other problems on natural watercourses. Not only the prob-
able flatter slopes, but also the irregularities of cross section of natural water-
courses, and the phenomenon of changing discharge point toward untold compli-
cations, An ultimate objective to this study, of course, would be an answer to the
question, ‘‘What change in the analysis of field problems is indicated by these
investigations?'’ Much thought has been given to this question, and a number of
suggestions have been made under the heading, ‘‘Application to field problems.’’
(See pp. 142 to 146.)
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THEORY OF STEADY FLOW IN OPEN PRISMATIC CHANNELS

Steady flow is flow which is constant with respect to time; it is sufficiently
accurate, for most channels, to say that, at a given point along the channel the
discharge must be the same at all times within the period under observation.
Such a condition rarely exists in the flow of natural streams, but often the con-
dition is closely approached.

A prismatic channel is one for which all cross sections, perpendicular to the
direction of general motion, are similar and parallel polygons which are equal in
area. It should be noted that these characteristics apply to cross sections of the
channel, but not necessarily to those portions of the cross sections which con-
tain water.

There appears in the remaining articles of this section a presentation of the
conventional concepts of flow under the limitations stated above. From many
practical engineers, a purely mathematical discussion of this subject, including
the varied-flow equation, will receive scant welcome, However, to avoid the ne-
cessity of involved or ambiguous statements during later sections of this re-
port, it is imperative that certain mathematical relationships be recorded, and
certain working formulas be explained. Most of these relations have been pub-
lished many times before; they will not be new to workers familiar with varied-
flow theory, For these, as well as for others willing to accept working formulas
without worry over derivation, it is suggested that this section be disregarded
and that a study of this report be resumed with the next section (p. 25).
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TOTAL ENERGY OF A CROSS SECTION
COMPARISON FROM POINT TO POINT

At any point in a given flow, the total head (energy per unit weight of fluid) is
composed of velocity head, pressure head, and elevation,

2
14
thus; E-z+24
Y

§g_ )

in which E is total energy above the datum plane, Z is elevation above datum
plane, p is intensity of pressure, V is velocity, all at the given point, y is spe-
cific weight of the fluid, and g is the acceleration of gravity. Thus for point 1,
figure 1,

P1 VI2
E=Zl+—;/——+—2§-.
Energy line B
f V|2 V22
Water surface -2_9 29
@1
hl

zl
Stream bed
|||||lllTﬂHHHII‘IIIIIIIII|||I||IIIHIIHIIIIIIHII IRARRRERMALRARARLY
Z
Datum plane
LA AR AR AR RN AR AR AR EAARAARARRRCRRRRARR]

Figure 1, -Energy in a cross section,
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Now if, in a given vertical plane, the pressure be hydrostatically distributed—that
is, varies in ratio to lineal distance below the free surface— '

then p1=yhl,

in which &; is the elevation of p; below the free surface. As the point p is al-
lowed to approach a fixed free surface, Z increases by the amount that & de-
creases, Hence it follows that Z| + p;/y is a constant, and may be replaced, for
convience, by the values for p, in the free surface:

z 1 z P2 V4 782 z 0=2
b= 4 —_— t— +0=24+y
1 y 2 y 2 v 2 ’

in which Z is elevation of channel bed above datum plane, and y is total depth
of flow.

Now if it be assumed that, in any cross section, the velocity is the same at all
points, the velocity head V2/2¢ will be constant,
V2
so that E=Z+y tyg=a constant (1)

for all points in a given cross section.

Since this is the form of the basic equation of flow, both uniform and gradually
varied, it will be apparent that two limitations have been imposed: (1) that pres-
sure be hydrostatically distributed and (2) that the velocity be uniformly distrib-
uted throughout the cross section. The first limitation is observed by excludmg
from consideration all cases of rapidly varied flow—that is, cases in which the
changes in flow occur in such abrupt manner as to disturb appreciably the normal
distribution of pressure. The second limitation must be violated in mostpractical.
problems, but errors due to this cause may be compensated by use of a velocny- '
distribution coefficient.

VELOCITYX-DISTRIBUTION COEFFICIENT

In equation (1), let it be considered that E is the energy per unit weight of fluid
as applied to the cross section as a whole. E might be obtained by dividing the-
total flux of energy per unit time, E,, by the mass discharge, yQ. However, to b+
tain the total flux of energy per unit time, it is necessary to obtain an integra-
tion, over the entire cross section, of the values at any point p. If ¥ were truly a
constant at all points in the cross section, this would be a simple algebraic op-
eration, but because V is actually a variable, integration must be used, or, at
least, the value of E should be computed for a very large number of points, each
applied to its appropriate portion of the flow, and a summation obtained, that is,

) v
Z, +h,+ %

E,=Cyy0Q +eeeiCp ¥ 0

2¢

V2 22
Z1+h1+'2g—}+ Czyo{z2+h2+—2—g—
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or, since Zl+111=72+ug=2;3+n3==z+}’.

and since C1+Co+nCp =1,

h E, [ n? 7% v,2 ®

then _—_ — B LTI C = a
] YO Z+y+lcl 23 +C2 22 + - % y

in which C is the portion of the flow to which any ¥ (with appropriate subscript)
is applicable. Now if, in place of these varying values of v, there is used the
average V = (/A (in which O is total discharge and 4 is total area of the cross
section),

E, v2 )
E=——=Z+y+=—. )
Y 7%

If v truly varies from point to point, it will be obvious that the result of equation
(a) must differ from that for equation (b), for in any series of unequal numbers the
average of their squares is greater than the square of their average. For example,
with the numbers 3 and 5, the average of the squares is (9 + 25)/2 = 17, while
the square of the average is 16. Thus if these values of 3 and 5 were used for
v, and Vv, in computing E, by equation (a), using C; = Co = 0.5, and then the
value ¥ = 4 was used to compute E, by equation (b), it would be found necessary
to apply to the latter computation a coefficient of 17/16 to harmonize the results.
It will be noted that the greater the variation in the values of v, the larger will
be the necessary coefficient. Thus, if v{ = 1 and V4 = 7, the average of the
squares is 25, while the square of the average is 16, as before. It will also be
noted that the required coefficient will vary with the relative values of ¢; and
Co Using the principle of conservation of energy and the calculus, it can be
demonstrated that

Sav

c_= s
Av3

e

in which v is the velocity at any point, and a is the portion of the cross section
to which v applies, and 4 and v are values for the entire cross section.

Using the principle of conservation of momentum and the caleulus, it can be
demonstrated that

__Eav2
av?’

cm
in which a, v, A and V have the same significance as before.

There has been much heated discussion as to whether the ¢, or ¢, coefficient
should be used. It might be pointed out that use of c,, weights the various v’s in
accordance with their appropriate area, whereas use of ¢, weights them in ac-
cordance with thelr appropriate discharge. For some years, the use of ¢, has
been standard practice in the Geological Survey. Use of c,, as the velocity dis-
tribution coefficient will be continued in this report.
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SPECIFIC ENERGY

Further consideration of the energy at a cross section provides a basis for ap-
proach to the problem of gradually varied flow. In a given cross section, let it be
assumed that the discharge is to be held constant, but that means are provided
for varying the depth at which flow will occur, This is readily imagined by as-
suming a channel which can be tilted, so as to allow the bed slope to vary. Under
these circumstances different values of depth will result in different values of
energy. The value of Z, being constant at a cross section, may now be disregard-
ed, or in other words, the datum plane may be transferred to coincide with the bed
of the channel. The energy with respect to this new datum is known as specific
energy, or specific head, and denoted by the symbol H. Thus,

ve

H=Y+Eg~- (2

The manner in which H varies with y, depth, is illustrated by the accompanying
figure 2, in which y has been plotted as ordinate and H as abscissa. Since y is

Figure 2, -Specific-energy diagram,
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one of the factors of which I is composed, this portion of H may be represented
by the 45° line through the origin of coordinates. That is, for any depth (y'), H
is composed of an abcissa (y') plus an increment (V2/2g) of velocity head. If y'
is very great, the velocity will be very small, and the velocity head, involving
the square of a very small number, will become negligible. Thus, at great depths,
H approaches y asymptotically. If y' is very small, the velocity will be very
great, and the velocity head, involving the square of a large number, will become
extremely large. Thus, as y approaches zero, H approaches infinity. At some in-
termediate point,  must have a minimum value, which may be obtained by equat-
ing to zero the first derivative of equation (2):

dH _dy d] [v?
dy “dy "|dy| 28] "

0
But V=z
b £V2_d 02_02-255
80 that dy{12¢ | |dy 26A2 ]2 A3 ldy
but dA = b(dy)
2 2
so Ll B (3)
dy| |2¢ gA3
2
Therefore dH _dy 0%
dy dy gA3

which for minimum specific energy must equal zero, so that

dy 02 -0
dy gA3 B
or 02 = gA3 (4)
2
whence -g—i = gA
A2
v A
and =5
But A/b is the average depth,
2y
whence V. _7lay ; (5)
28 2

that is, H, the specific energy, is a minimum when the velocity head is equal to
half the average depth. This value of the depth, y, for which H is a minimum, has
great significance in open-channel flow, and is designated as y,, the critical
depth.
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-‘(_]__

= l:‘_%'_—-dy

dA

Figure 3, -Variable depth at a section,

UNIFORM FLOW
COMPARISON FROM SECTION TO SECTION

In the preceding section consideration has been given to the evaluation of E,
the energy at a cross section. Attention is now invited to a comparison of the
values of E for different cross sections. Referring to figure 4, a longitudinal
section of a prismatic channel, with finite value of bed slope, Sq, it should first
be mentioned that it is customary to measure depth as the vertical distance, y,
rather than the distance y' normal to the stream bed. Obviously y' = y cos 8.
Except for very steep slopes, however, cos B is so near unity as to make little
difference whether y is measured in the vertical or normal direction. For example,
the angle whose tangent is 0.003 (S, as used in the laboratory work) has for its
cosine the value of 0.999996. Similarly x, the distance along the channel between
any two cross sections, may be taken as the horizontal distance, rather than the
distance parallel to the channel bottom.

Let figure 4 represent a reach of length x taken from a prismatic channel of
infinite length, in which there is steady flow. At section 1, with depth y,, and
with respect to the horizontal datum plane,

V.2

1
E1=Zl+y1+-—2-g—-=zl+H1

V.2
2
E2=Z2+y2+—§—g——=22+}12

296350 O—54——2
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Datum plane
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Figure 4, -Longitudinal section of uniform flow.

Since this channel is the same for all cross sections, not only between sections
1 and 2, but for any number of sections upstream and downstream, y, and y, must
be equal. This follows from the fact that the controlling factors, whatever they
may be, which lead to a depth y, at section 1, are identical to the factors which
control the depth at section 2, and must therefore lead again to the depth y;. The
water surface must therefore be parallel to the stream bed. It follows that the ve-
locities, and therefore the specific energy, H, must be the same at sections 1
and 2, Whence Ey = Z) + H, and Eq = Zy+ I, sothat E| - Ey = Z; - Z,. Divid-
ing both members of this last equation by x discloses the loss per unit distance,
or the rate of loss:

Ey-Ey Z,-2,

X X

But from figure 4, (z - Zy)/x is the bed slope, Sy. Thus the slope of the energy
line, as well as the slope of the water surface, is the same as the slope of the
bed, Sy. This is a distinguishing characteristic of uniform flow. Flow is said to
be uniform when all the elements which characterize the flow remain constant
from one section to another.
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UNIFORM DEPTH

Reference was made in the preceding article to “‘the controlling factors, what-
ever they may be, which lead to a depth y,."”’ These factors now will be exam-
ined. The movement of water from one cross section to another constitutes work,
which can be accomplished only by expenditure of energy. In uniform flow, this
energy cannot come from the water itself, for the specific energy remains the
same at all cross sections. The energy must be derived from change in elevation,
and all energy derived from this source must be expended for this purpose. Now
the amount of energy needed for moving a given mass of water varies somewhat
with the boundary conditions of the channel, but primarily with the velocity, If,
in figure 4, the depth of flow were to drop below y;, an increase in velocity
would be required to pass the discharge through the decreased cross-sectional
area. But this increased velocity would require the expenditure of greater energy,
which is not available, Hence the water would not be entirely removed from the
cross section, and the residual would immediately act to increase the depth, If
the depth were to rise above y,, a lower velocity would occur, and excess energy
would be accumulated. This excess energy would immediately act to increase the
velocity, and thus restore the original depth y;. Thus it follows that, for a given
discharge in a given prismatic channel, of very great length with a given bed
slope, §;, there is one, and only one, depth at which the flow will occur. This
depth is known as the uniform depth, and designated by the symbol y,. The dis-
charge corresponding to this depth is known as the uniform discharge, Q.

COMPUTATIONS FOR UNIFORM FLOW

Problems in uniform flow frequently involve the determination of discharge for
flow at a given depth. Here the objectiveis to determine an average velocity for a
cross section such that the rate of change of the energy line, S (often called the
friction slope), is equal to the rate of change of elevation, S,. Defying rigorous
mathematical analysis, the problem has led to empirical relationships, of which
the Manning formula is perhaps the most popular:

V= 1.486 Rz/! 51/2

n

in which n is a coefficient of roughness, dependent primarily upon the lining of
the channel, R is the hydraulic radius (cross-sectional area divided by cross-
sectional wetted perimeter), and S is the bed slope. The formula has objection-
able features, among them being the fact that the two-thirds power of the hydrau-
lic radius is, in some instances, an inadequate measure of boundary effects. In
spite of its shortcomings, the formula is generally used for lack of a better one.
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Fortunately, in the laboratory investigations the use of such a formula was
unnecessary, With a given steady flow in the laboratory channel, the regulating
equipment was manipulated until a uniform depth, y,, was found to exist at all
cross sections. The discharge, Q,, was then measured, usually by current meter.
Thus the values of y, versus Qg, or the uniform stage-discharge relations, were
established without need of a formula. This was a great advantage in preparing
the computed profiles, tables 12 to 16, in that it permitted the computations to
be based on laboratory observations, and kept them free of the complications
which attend the use of formulas such as Manning’s.

CLASSIFICATIONS OF FLOW

Means now may be described for the classification of types of flow and of the
channels in which they occur. In discussion of specific energy, there was pro-
posed the concept of a tilting channel, permitting a variation of the bed slope,
but otherwise holding fixed all the physical features, including roughness. At-
tention is now invited to uniform flow in such a channel. Assuming a given con-
stant discharge and remembering that uniform depth is dependent on the estab-
lishment of a velocity which will demand a rate of energy expenditure, S, ex-
actly equal to S, the following facts become apparent: As the slope of the chan-
nel becomes very great the normal depth will become very small. Both the spe-
cific energy and the friction slope will be very great, but the specific energy is
self-sustaining, and the friction slope is sustained by the high value of bed
slope. As the lower end of the channel is raised, decreasing Sg, the value of
normal depth, y,, will increase. As long as the values of y are less than y_ (see
p. 10), this increase in y, will be accompanied by a decrease in specific ener-
gy. Under these conditions, the channel is said to have a steep slope, and the
state of the flow is said to be rapid, or shooting. As the slope of the channel is
further decreased the condition is reached in which the normal depth will be ex-
actly equal to the critical depth (each being equal to twice the velocity head)
and the specific energy reaches a minimum value. Under these conditions, the
channel is said to have critical slope, and the state of flow is said to be critical.
As the slope of the channel is still further decreased, the normal depth will con-
tinue to increase, but since y, is now greater than y_, the increase in yj will be
accompanied by an increase in specific energy. Under these conditions, the
channel is said to have a mild slope, and the state of the flow is said to be
tranquil, ot turbulent. Cther channel slopes, such as adverse, are recognized,
but these have no application within the scope of this report. Another state of
flow (laminar) may occasionally occur, but a different sort of criterion must be
used for its proper description. This subject will be mentioned again in a later
section of the report. (See p. 49.)
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In the preceding paragraph, the assumptions are given as a constant (steady)
discharge and uniform depth. This second assumption is the same as assuming a
prismatic channel of very great length (see p. 13). In a much shorter channel,
conditions of uniform flow will not necessarily exist, but rather the depth at suc-
cessive sections may vary. Thus, if a channel of mild slope be obstructed by a
dam, the section immediately upstream will have a depth greater than the uniform
depth; if this channel ends abruptly as a free fall, the section immediately up-
stream will have a depth less than the uniform depth. There are other conditions
of discharge, such as under a sluice gate, which may result in a condition of flow
in which depth may be less than critical depth, as well as less than uniform
depth. Such possible conditions give rise to further classification of flow: when
the depth is greater than both the normal and critical, the flow is said to be class
1; when depth is greater than either of these values, but less than the other, the
flow is said to be class 2; when depth is less than both values, flow is said to
be class 3. In the measurement of river discharge, most of the problems which
arise are in connection with class 1 flow in channels of mild slope -- or, as it is
commonly expressed, the M-1 profiles. Although the laboratory data included a
few observations on M-2 profiles (see p. 26), the present analysis is limited to
M-1 conditions.

NONUNIFORM FLOW
GENERAL CONSIDERATIONS
Figure 5 represents a case of gradually varied flow. This example differs from

uniform flow in several respects, the most obvious of which is that successive
values of y are not equal but gradually increase from left to right. Since the chan-

e—Ax— J

X 1

Figure 5, -Longitudinal section of a case of gradually varied flow.
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nel cross section is the same at all points, and the discharge is constant, it fol-
lows that velocity (and velocity head) must decrease as y increases. As in uni-
form flow, the finite value of S, produces variation, from section to section, in
the value of 2. Thus all the factors which enter into the evaluation of E become
variable quantities.

To study the variations of these factors in the reach x between the point at
which y = y; and the point at which y = y,, recourse is made to a very short
reach, Ax, such that the rates of variation within the reach are essentially the
same as the rates of variation at any given point - that is, the same as the slope
of the various lines. This slope is obtained by taking the derivative, with re-
spect to x, of equation (1), replacing d by the value A for a finite, but very short,
reach:

s 0z 4y avD @
Ax =Ax+Ax Ax(2g)

GEOMETRY OF THE REACH, Ax

The interrelation of these variables is illustrated in figure 6, page 17, which
is a plot of actual data from Bulletin 381, table 1, page 39 (Lansford and Mitchell,
1949). Data not given in table 1 have been computed by principles set forth under
““Total energy of a cross section,”’ with the assumption that c,, is unity. Datum
plane has been taken as the horizontal plane which intersects the channel bed at
station 0. Taking as Ax the reach from station 1212 to station 1182 and follow-
ing the simple rule that change in any item is equal to the final value minus the
initial value, the following observations become apparent:

(1) AE has the value 4.102 - 4,144 = -0.042, or the distance between
points (1) and (2) in figure 6, the line through point (2) having been drawn
parallel to the datum plane and through energy line at initial section.

(2 Az has the value 3.546 - 3.636 = -0.090, or the distance between
points (3) and (4), the line through point (4) having been drawn parallel to
the datum plane and through bed elevation at initial section.

(3) Ay has the value of 0.523 - 0,466 = 0.057, or the distance between
points (5) and (6), the line through point (6) having been drawn parallel to
bed slope and through water surface at initial section.

(4) A(V2/2g) has the value 4.060 - 4.069 = -0.009, or the distance between
points (7) and (5), the line through point (7) having been drawn parallel to
the energy line and through water surface at initial section.
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Figure 6, —Gradually varied flow in a very short reach,
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(5) AH has the value of 4.060 - 4.012 = 0.048, or the distance between
points (7) and (6), lines through these points having been drawn as already
described; obviously AIl represents the change of energy line with respect
to the bed slope.

(6) Ax, of course, has the value 1182 - 1212 =-30, or the distance between
y =0.523 and y = 0.466.

Special attention is invited to the fact that the change in specific energy, AH,
is equal to the algebraic sum of the change in depth, Ay, and the change in ve-
locity head, A(V2/2g).

COORDINATE SYSTEMS AND CONVENTIONS

Justification already has been made for the practice of measuring y and x in
vertical and horizontal directions, rather than with respect to channel bed. It
generally is convenient to establish the datum plane as was done in preceding
article — that is, the horizontal plane which intersects the channel bed at the
point for which y has some predetermined value -- usually that for the down-
stream end of the reach of channel. (In the laboratory work, this value of y was
invariably taken as 4.000 feet, For further discussion, see p. 35.)

In the use of equation (6) it is customary to adopt the convention that a sus-
taining slope -- that is, a channel which slopes downward in the direction of
flow — is a positive slope. With the convention as used in the preceding article,
it will be noted that both dZ and dx are negative, so that dZ/dx (the sustaining
slope) is positive in accordance with usual custom,

As a check upon the consistency of these evaluations, the numerical values of
the preceding article are now substituted in equation (6):

dE _dz  dy d (vd) 6)
dx dx dx dx (%)

-0.042 0,090 +0.057 -0.009
30 30 T TR0 30

0.0014 = 0.0030 - 0.0019 + 0.0003
0.0014 = 0.0014

In working with a finite reach of channel, great caution must be observed to
keep the reach, Ax, sufftciently short to avoid the effects of curvature.
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INTEGRATION OF THE VARIED-FLOW EQUATION

It has just been indicated that, under varied flow, computations for finite
reaches are valid only if the reach, Ax, is very short. Thus for great accuracy,
one is tempted to return to the infinitesimal reach, dx, and apply methods of in-
tegration to obtain values for a finite reach. This is the more desirable since, in
most practical computations it is necessary to rearrange equation (6) into a form
such that x may be computed from available data. In other words, it becomes de-
sirable to combine as many as possible of the various factors, solve the resulting
expression for dx, and integrate the final expression between appropriate limits
of y. Unfortunately, the mathematics becomes extremely complicated for all ex-
cept certain special cases.

Considering an infinitesimal reach:

dE dZ dy d {V’A’] )

dx dx 'dx "dx |2z

To appreciate the significance of this equation it is convenient to recall (see
p. 9) that y + V2/2g = H, so that equation (6) may be written

dE dz dH (6a)

dx_dx+d—x_

which usually is interpreted to indicate that the rate of change (with respect to
x) of energy is equal to the rate of change of bed elevation plus the rate of change
of specific energy. In theoretical mechanics it is customary to compute change as
the final value of a quantity minus the initial value of the quantity. But, as flow
always involves a loss of energy, such computations here result in undesirable
negative values for dE. In this report, this situation is remedied by use of a dE
which is the negative of the above, or initial value minus final value, and which,
to avoid confusion, is termed loss rather than change. 1

It is entirely appropriate that equation (6a) be interpreted to indicate that the
rate of loss of energy is equal to the rate of loss of bed elevation plus the rate of
loss of specific energy. It is not proper, however, to regard the rate of loss of
energy as equal to the rate of loss of bed elevation plus the rate of change of
specific energy. If, in equation (6) or (6a), one term is regarded as a loss, then
all terms should be regarded as loss, or initial value minus final value,

1The author is indebted to Carl E. Kindsvater, Professor of Civil Engineering, Georgia Institute
of Technology, for suggesting the use of this distinction between loss and change,
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Considering figure 6 now to represent an infinitesimal reach, and using sub-
scripts (1) and (2) to indicate the initial section and final section, respectively,
dE/dx = (Ey - E9)/dx = S, and dZ/dx = (Z| - Z,)/dx = S, in which both dE and
dZ are regarded as loss. Making these substitutions in equation (6) gives

dy dfv? 7
S_SO+FX—+&;{§} ()

a form of expression which is common to all the methods which are subsequently
discussed. The differences in the methods lie in the differences in treatment of
the last term of the righthand member -- that is, the smali, but sometimes signifi-
cant effect of the change in kinetic energy. From equation (3), page 10,

d[v2_-o%
dy 2¢) ea®

or

2] .p2
d[-v—]= 0% dy
2 ) gA3

Making this substitution in equation (7),

2
S=So+g-i¥.0_§.
dx dx gA?
2
s-sozd_r[l_gz
dx gAs
0%
11—k
dx _ A3
dy §-8,
2p
[1-'0_3.}
edx = gA dy (8)
SO-

In the interpretation of equation (8) it should be remembered that, as § and §,
were expressed as rates of loss, dy also must be regarded as a loss, or dy =
¥1- Yo Some authors have regarded dy as the change, y, - y;, in which case the
minus sign vanishes from the left member of the above equation. However such a
mixture, in one equation, of the concepts of loss and change frequently has been
a source of confusion, and of error in computations.
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For a fixed discharge in a channel of known geometric characteristics, dx in
formula (8) might be computed for two given values of y, provided § were known.
Problems involved in computing $ for uniform flow were discussed on page 13.
In nonuniform flow it must be assumed that § is the same as for uniform flow un-
der the given conditions of discharge and depth -- in other words, discharge
through a given cross section is a unique function of depth and friction slope.
An expression for such an § may be obtained by use of the fundamental equation
Q = AV, and the substitution for V of one of the usual formulas for uniform flow.
Using the Manning formula (see p. 13),

1.486 y oY
Q=4 — R% 84

Here, for a given depth of flow, y, the expression

1.486
n

A r%

is dependent only on the cross section. Bakhmeteff (1932) has suggested that,
for simplicity, this expression may be replaced by a single symbol, K, called
conveyance. Letting K, be that particular value of conveyance in which § = s,
or the flow is uniform,

3
0o =Kg So%

or,

2
s =%’? 9)
V]

Now if the flow be at the same depth, y, but be gradually varied instead of uni-
form, K must be the same as before, since it is dependent only on the cross sec-
tion which is unchanged. However, for gradually varied flow, Q no longer is 0,
nor is S equal to Sy, so the above equation becomes

2

2
0

Q

(10)

w»
1]

-~

Similarily, the discharge Qg, when flowing at a depth y other than y, will be re-
lated to a specific value of S and to a K dependent on the depth y, so that

2
S = 9K°_2 (1
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Dividing equation (11) by equation (9),

Furthermore,

-dx=—g?(—.dy (12
0
SO[I-E%

which, except for the sign of dx, is a common form of the differential equation
for gradually varied flow.

DIRECT INTEGRATION

Bahkmeteff has observed that K, in general and between wide limits, is an ex-
ponential function of y. With that assumption, plus the ratio between §; and s,
and making use of a table which he has computed, substitutions may be made in
a rearrangement of equation (12) so that the distance, x, between two given and
widely different values of y may be directly computed. In some instances, how-
ever, the ratio §¢/S_ may vary with y, so that it may be necessary to take com-
paratively small increments of y. Used with care, the method will yield results
in satisfactory agreement with the results of other reliable methods.

Von Seggern (1950) made use of Bakhmeteff’s observation that K was an ex-
ponential functionof y, and added the thought that # = Ay4/b also is an expo-
nential functionof y, and that (¥_/M)2 may be substituted in equation (12in
place of 025/gA43. With these assumptions, a table similar to Bakhmeteff’s, and
a second table to be used in connection with the new assumption, substitu-
tions may be made in another rearrangement of equation (12) so that the dis-
tance, x, between two widely different values of y may be directly computed.
In many instances the method will yield results which are in satisfactory agree-
ment with those of other reliable methods.

A detailed comparison of the Bakhmeteff and Von Seggern methods will be
found among the published discussions of Von Seggern’s paper. A comparison
between the results of these two methods and the laboratory observations will
be found on page 55.
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THE STEP METHOD

After noting the difficulties which attend any attempt at complete integration,
one is inclined to look with greater favor upon the step method — the method in
which average values at the ends of a reach are assumed to apply throughout the
reach. This favorable attitude is the more pronounced in view of the extreme sim-
plicity both of the required formula and of the method of its derivation. Figure 7

o
S

AH| |Ay

o

Ax

Figure 7. -Geometry of the step method.

reproduces certain pertinent features of figure 6. Point O is the water surface at
the upstream end of the reach. Points 4, B, and C are the points shown in figure
6 as 5, 6, and 7, respectively. Point D is the intersection of a line through 4, B,
and C with a horizontal line through point 0.

(D-B) = (D-C) + (C-B). (13)
It is obvious that
(D-B) = Ax S,
and (D-C) = Ax S

The significance of (C-B) is not so apparent. It must first be noted that both (D-B)
and (D-C) represent a loss, or initial value minus final value, and must be dis-
tinguished from change, which was defined (p. 16) as the final value minus the
initial value. For consistency, as well as convenience, the final term in equation
(13) should be viewed also as a loss. (C-B), however, is not the loss in # be-
tween the initial and final sections; rather it is the gain in H or, as is generally
called, the change in H. At either section, the value of H is represented by the
elevation of the § line minus the elevation of the S, line. At the initial section,
H, as depicted by figure 7, is zero; at the final section, H is represented by
(c-B). Hence the Ioss in H from the initial to the final section is

AH =0 - (C-B)
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whence (c-B) = -AH
Making these substitutions in equation {13),
AxSq = AxS-AH
whence Ax = -AH/(S¢-S), (14

in which AH is defined as a loss, or initial value minus final value, consistent
with the computation of § and of S.

For those who prefer an analytical approach, this same relation might have
been derived directly from equation (8). In that equation, the numerator of the
right-hand term might have been written: dy - Q256 dy/gA3. As pointed out in the
development of that equation,

-0 dy/gA% = d(V%/2)
Remembering that
dy + d(V%/2) = dH,
equetion (8) becomes:

_dy+d(v¥2%)

-d s -dx = -dH/(Sy- S
X S,-5 x /(Sg-8)

the same as in the graphical development, except for the change between d and
A, representing the difference between an infinitesimal and a finite reach. Since
S varies from point to point throughout a finite reach, formula (14) should be
used only for short reaches. Furthermore, S should be computed for each end of
the reach, and the average value, S, should be used as being more representa-
tive of the proper value of §. Thus the proper equation for step-method compu-
tation becomes:

Ax = -AH/(Sg - S). (15

This formula has been used as the basis of extensive computations in the
following section of this report. (See pp. 52-55.)
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THE LABORATORY DATA

In the introduction to this report (see p. 3) reference was made to University
of Illinois Engineering Experiment Station Bulletin 381 (Lansford and Mitchell,
1949) which presents the basic experimental data that form the foundation for the
present report. In arranging with the university for the collection of the data, the
primary objective of the Geological Survey was the acquisition of a reservoir of
reliable data on which might be based detailed studies of stage-fall-discharge
relations. For practical reasons, these detailed studies could not be immediately
completed. Thus, Bulletin 381 was designed and published with the particular
objective of preserving the base data and of making it immediately available to
such parties as might care to make their own analysis. This report is designed
to present an analysis of those data, but does not duplicate the tables of obser-
vations previously published.

In its field association with problems of stage-fall- discharge relations, the
Geological Survey is almost always limited to cases of the M-1 type of profile:
the profile in which the actual observed depths are greater than the normal depth
and the nomal depth is greater than the critical depth. In the design of the exper-
iment, a basic consideration was that the resulting profiles should be of this
type—that is, the channel should be one of mild slope. An exceedingly flat bed
slope would perhaps more nearly have approached the slopes of natural streams,
but it would have made the curves of such great iength as to add greatly to the
experimental work required and, for the length of channel available, might re-
quire greater accuracy than would be possible, even in the laboratory. A steeper
slope would decrease the length of the curves, but would require that the channel
roughness be greater to keep the depths greater than critical.

It appeared feasible to line the channel with a roughness material which would
provide a value of n of about 0.02. The Manning formula indicated that, with this
value of n, a slope of Sy = 0.003 would provide normal depths well above the
critical. With an effective channel length of about 135 feet, this bed slope pro-
vided a total change in bed elevation of about 0.40 foot, which appeared to be
satisfactory from the standpoint of the probable accuracy with which the obser-
vations could be made. Later it was found feasible to vary the channel with
respect to roughness, and with respect to shape of cross section. However, the
amount of labor involved in varying the bed slope would have been so great as to
make that change prohibitive. Thus, throughout the series of experimental obser-
vations, channel conditions were made to conform with conditions which might
be met in the field, but only within the limitations imposed by practical labora-
tory requirements.
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DESCRIPTION OF THE DATA

With respect to material which is useful in the present analysis, and in con-

trast with other material which is primarily informative, Bulletin 381 contains
the following data:

L Details of the cross sections for which profiles were observed. (See fig.
4, p. 14.)

2. Normal depth-discharge ratings for cross sections 2-6, inclusive. (See
fig 6, pp. 18-19 and tables 42-46, pp.81-85.}

3. Observed surface profiles: for the seven cross sections, there are a total
of 41 profiles. (See figs. 8-12, pp. 27-31, and tables 1-41, pp. 39-80.)

4. Typical velocity-distribution diagrams for representative cross sections.
(See figs. 13-15, pp. 32, 33 and fol. 34)

For cross sections 5-7, the dimensions given in Bulletin 381 are nominal; a care-
ful survey indicated that elevations for the break in side slopes should be at
1.011 instead of 1.00, and 1.207 instead of 1.200. A table of areas, based on
these refined elevations, appears in this report as table 27, (See p.154)

A few words might be said concerning the observed surface profiles. For all
cross sections, each profile was observed from the greatest depth which could
be obtained (limited either by the depth of the laboratory channel, or in the case
of low discharges, by the maximum depth which could be induced by extreme
manipulation of the backwater gate) to that point near normal depth at which the
water surface becomes so nearly parallel to the bed slope as to represent the
practical limit of observation. For cross sections 1 to 4, inclusive, depths were
observed at points along the channel which were 15 feet apart. For cross sec-
tions 5 to 7, inclusive, depths were observed at 10-foot intervals, except for
very great depths of low discharge, for which 20-foot intervals were used. In
cross section 3, y, = 1.512 feet (see Bull. 381, table 22, p. 60} a portion of the
M-2 curve, approximately 300feet in length, was included. Likewise for cross
section 5, y, = 1704 feet (see Bull. 381, table 35, p. 74) a portion of the M-2
curve, approximately 230 feet in length has been included.

Owing to various causes, among which might be mentioned the personal error
in observations and the effects of local disturbances in the channel, differences
between depths for successive equal increments of length are sometimes some-
what irregular. In some phases of the analysis (such as substitutions in equation
(19), p. 44) it has appeared advisable to smooth out these irregularities by
applying small and compensating changes to the observed values. Such a table,
designated as a smoothed profile, has been prepared for each of the observed
profiles of cross sections 2-6, inclusive. These smoothed profiles, not published
in Bulletin 381, are found as tables 1-5 in this report.



THE LABORATORY DATA

Table 1.--Smoothed profiles, cross section 2

¥050.391 | y420.612 | v020.812 | yoz1.121| ¥,21.489 | yo21.840

EEE R 3.7080 3.7025
meeaan 3.6670 3.6638
3.6260 3.6252
3.5851 3.5867
3.5442 3.5484

3.5034 3.5103
3.4627 3.4724
3.4221 3.4347
3.3816 3.3972
.................. 3.2982 3.3412 3.3599

3.2150 3.2561 3.3009 3.3228
3.1720 3.2140 3.2607 3.2859
3.1290 3.1720 3.2206 3.2492
3.0860 3.1300 3.1806 3.2128
3.0430 3.0880 3.1407 3.1767

3.0000 3.0460 3.1009 3. 1409
2.9570 3.0040 3.0612 3.1054
2.9140 2.9621 3.0216 3.0702
meeens 2.8710 2.8710 2.9202 2,9822 3.0353
------ 2.8270 2.8280 2.8783 2.9430 3.0007

------ 2.7830 | 2.7850 | 2.8364 | 2.9040 | 2.9664
----- - | 2.7391 | 2.7420 | 2.7945 | 2.8652 | 2.9324
------ 2.6952 | 2.6990 | 2.7526 | 2.8266 | 2.8987
----- - | 2.6513 | 2.6561 | 2.7108 | 2.7882 | 2.8653
ee---- | 2.6074 | 2.6132 | 2.6690 | 2.7500 | 2,8322

sme—mee 2.5635 2.5703 2.6272 2.7120 2.7994
------ 2.5196 2.5274 2.5854 2.6743 2.7669
------ 2,4757 2,4845 2.5436 2.6369 2.7347
------ 2.4318 2,4416 2.5018 2.5998 2.7028
------ 2,3879 2,3987 2.4600 2.5630 2.6712

2.3280 2.3440 2.3558 2.4183 2.5266 2. 6400
2,2830 2,3002 2,3129 2.3767 2.4906 2.6092
2.2380 2.2564 2,2700 2.3352 2.4550 2.5788
2,1930 2,2126 2,2271 2.2939 2.4198 2.5489
2.1480 2.1688 2.1842 2,2528 2.3850 2.5195

2.1030 2.1250 2.1413 2,2119 2.3507 2.4907
2.0580 2.0812 2.0984 2.1713 2.3169 2.4625
2.0131 2.0374 2.0556 2,1310 2.2836 2.4350
1,9682 1.9936 2.0128 2.0910 2,2508 2.4082
1.9233 1.9499 1.9701 2.0513 2,2185 2.3821

1.8784 1,9062 1.9275 2.0120 2.1867 2.3567
1.8335 1.8625 1.8850 1.9731 2.1554 2,3320
1.7886 1.8188 1.8427 1,9346 2.1246 2.3080
1.7438 1.7752 1.8006 1.8965 2.0943 2.2847
1.6990 1.7316 1,7587 1.8589 2.0645 2.2621
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Table 1.--Smoothed profiles, cross section 2 --Continued

¥0=0.391 | yo=0.612 | y5=0.812 | yo=1.121 | yo=1.489 | yo=1.840
1.6542 1.6880 1.7170 1.8218 2.0352 2.2402
1.6094 1.6445 1.6755 1.7852 2.0064 2.2190
1.5646 1.6010 1.6343 1.7491 1.9781 2,1985
1.5199 1.5576 1.5934 1.7136 1.9503 2.1788
1.4752 1.5143 1.5528 1.6787 1.9230 2.1599
1.4305 1.4711 1,5125 1.6444 1.8962 2.1418
1.3859 1.4280 1.4725 1.6108 1.8699 2.1245
1.3413 1,3850 1.4329 1.5779 1.8441 2,1079
1.2967 1.3422 1,3937 1.5458 1.8188 2.0920
1,2522 1.2996 1.3549 1.5145 1.7940 2.0768
1.2077 1,2572 1.3166 1.4841 1.7697 2.0623
1.1633 1.2151 1,2788 1.4546 1.7459 2.0485
1.1189 1.1733 1.2415 1.4261 1.7226 2.0353
1.0746 1,1318 1.2048 1.3987 1.6999 2.0227
1.0303 1.0907 1.1689 1.3725 1.6783 2.0107
.9861 1.0501 1,1340 1.3476 1.6583 1,9992
L9421 1.0101 1.1003 1.3241 1.6403 1,9882
. 8984 .9709 1.0680 1.3021 1.6243 1.9777
.8551 . 9326 1.0373 1.2817 1.6103 1.9677
.8123 .8954 1.0084 1.2630 1.5981 1.9582
L7701 .8595 .9814 1.2461 1.5874 1.9491
.7287 .8252 . 9564 1.2310 1.5779 1, 9404
. 6882 L7927 .9335 1.2177 1.5694 1.9321
. 6487 . 1623 .9128 1.2061 1.5618 1.9242
.6104 . 7344 . 8944 1.1960 1.5550 1.9167
.5736 .7095 .8784 1.1872 1,5489 1.9096
.5387 .6881 .8648 1.1795 1.5433 1.9029
.5062 .6702 .8535 1.1727 1,5382 1.8966
L4767 .6558 . 8442 1,1667 1.5335 1.8907
.4512 . 6444 . 8366 1.1614 1,5291 1.8852
.4317 . 6355 .8304 1.1567 1.5250 1.8801
.4182 . 6287 .B8254 1.1525 1.5212 1.8754
.4097 .6238 .8214 1.1488 1.5177 1.8711
. 4047 . 6202 . 8182 1.1455 1.5144 1.8671
.4012 L6175 .8157 1.1426 1.5113 1,8634
. 3985 .6155 .8139 1.1401 1.5084 1.8600
.3964 .6141 . 8127 1.1379 meeeee memeee
.3948 .6132 8120 1.1360 | <ewee= | --c-- -
. 3936 L6127 .8117 11344 | -~eveen [ cewe--
.3927 6124 .8116 1,1330 | emecewe [ cwee-a--
.3921 .6122 memnae cevuan cmmone
.3917 V6121 | cemmen | mecces | mecaes
. 3914 . 6120 | eeme-- emn-- m————
.3912 | ----- = | emecee | emmeen | me-ee -

.3911




THE LABORATORY DATA

Table 2.--Smoothed profiles, cross section 3
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¥0=0.404}y5=0. 606 [y=0.773 | yo=1.071]yo=1.512 || y5=0.404 |y,=0. 606| y5=0.773] yo=1.071|y,=1.512
R [T TONORREY [RRPIPRRE [, 3.6699 1.5796 | 1.6561 | 1.6830 | 1.8096 | 2.0905
----------------------- - | 3.6295 1.5349 | 1.6130 | 1.6418 | 1.7737 | 2.0628
------------ memcme | ecee-= | 3,5892 1.4902 | 1.5700 | 1.6008 | 1.7382 | 2.0355
---------------------- -- | 3,5490 1.4455 | 1.5270 | 1.5601 | 1.7032 | 2,0086
------ weoeme | <mme-e | 3,4637 | 3.5089 1.4008 | 1.4840 | 1.5197 | 1.6687 | 1.9821
------------ 3.4209 | 3.4689 1.3561 | 1.4411 | 1.4796 | 1.6348 | 1.9560
LR T 3.3782 | 3.,4290 1.3114 | 1.3982 | 1.4398 | 16014 | 1.9303
------------ 3.3356 | 3.3892 1.2667 | 1.3554 | 1,4003 | 1.5686 | 1.9051
------------ 3.2931 | 3.3495 1.2221 | 1.3127 | 1.3612 | 1.5364 | 1.8805
B T R T, 3.2507 | 3.3099 1.1775 | 1.2701 | 1.3225 | 1.5049 | 1.8566
------------ 3.1845 | 3.2084 | 3.2704 1.1330 | 1.2277 | 1.2842 | 1.4741 | 1,8336
------------ 3.1407 | 3.1662 | 3.2310 1.0886 | 1.1855 | 1.2463 | 1.4440 | 1.8117
------------ 3.0969 | 3.1241 | 3.1917 1.0444 | 1.1436 | 1.2089 | 1.4147 | 1.7911
------------ 3.0532 | 3.0821 | 3.1525 1.0004 | 1.1021 | 1.1720 | 1.3862 | 1.7718
------ 3.0077 | 3.0095 | 3.0402 | 3.1134 .9566 | 1.0611 | 1.1357 | 1.3586 | 1.7536
------ 2.9636 | 2.9659 | 2.9984 | 3.0744 .9130 | 1.0207 | 1.1001 | 1,3320 | 1.7363
------ 2.9195 | 2.9223 | 2.9567 | 3.0356 .8698 | .9811 | 1.0654 | 1.3065 | 1.7199
------ 2.8755 | 2.8788 | 2.9151 | 2.9970 .8271 | .9425 | 1.0318 | 1.2822 | 1.7044
2.7890 | 2.8315 | 2.8353 | 2.8736 | 2.9586 7851 | .9051 | .9996 | 1,2592 | 1.6898
2.7442 | 2.7875 | 2.7919 | 2.8322 | 2.9204 L7430 | .8691 | .9692 | 1.2376 | 1.6761
2.6994 | 2.7436 | 2.7485 | 2.7909 | 2.8825 L7037 | .8345 | .9411 | 1.2174 | 1.6633
2.6546 | 2,6997 | 2.7052 | 2.7497 | 2.8450 .6647 | .8017 | .9157 | 1.1988 | 1.6514
2.6098 | 2.6558 | 2.6619 | 2,7087 | 2.8080 L6273 | .7709 | .8932 | 1.1819 | 1,6404
2.5650 | 2.6120 | 2.6187 | 2.6678 | 2.7716 .5918 | ,7423 | .8735 | 1.1668 | 1.6303
2.5202 | 2,5682 | 2.5755 | 2.6270 | 2.7360 5586 | .7161 | .8564 | 1.1535 | 1.6211
2.4754 | 2.5244 | 2.5324 | 2.5863 | 2.7015 .5280 | .6926 | .8417 | 1,1418 | 1.6128
2,4306 | 2.4807 | 2.4893 | 2,5457 | 2.6684 .5002 | .6721 | .8292 | 1.1316 | 1.6054
2,3858 | 2.4370 | 2.4463 | 2.5052 | 2.6363 .4755 | .6551 | .8187 | 1,1228 | 1.5989
2.3410 | 2.3933 | 2.4033 | 2.4649 | 2.6048 .4541 | .6416 | .8100 | 1.1153 | 1,5933
2.2962 | 2.3497 | 2,3604 | 2.4247 | 2.5736 .4362 | .6316 | .8029 | 1,1090 | 1.5886
2,2514 | 2,3061 | 2.3175 | 2.3847 | 2.5425 4220 | .6246 | .7972 | 1.1038
2,2066 | 2.2625 | 2.2747 | 2.3448 | 2,5114 L4117 | .6196 | .T7927 | 1.0996
2.1618 [ 2.2190 | 2.2319 | 2.3051 | 2.4804 .4055 | .6161 7892 | 1.0962
2,1170 | 2.1755 | 2.1892 | 2.2656 | 2.4494 .4034 | .6136 | .7865 | 1.0934
2.0722 | 2.1320 | 2.1465 | 2.2263 | 2.4185 .4026 | .6116 7845 | ~ce-n-
2.0274 |2.0886 | 2.1039 | 2.1872 | 2,3876 .4023 6101 L7831 | mememe | cmeee-
1.9826 | 2.0452 | 2.0613 | 2.1483 | 2.3568 L4021 | 6090 | em-eem | emmene | ae-- -
1.9378 |2.0018 |2.0188 |2.1096 | 2.3261 || ==---e L6082 | wmemmn | emccan | ame- --
1.8930 | 1.9585 | 1.9764 |2.0711 | 2.2955 || -<c-e- L6076 | weemen | ceeeae D
1.8482 |1.9152 | 1.9341 [2.0328 | 2.2651 || -~---- J60TL | wmmmme | memmen | amenee
1.8034 |[1.8719 | 1.8919 | 1.9948 | 2.2350 . 6067
1.7586 {1.8287 | 1.8498 |1.9571 | 2.2053 6064
1.7138 (1.7855 | 1.8078 |1.9197 | 2.1760 6062
1.6690 | 1.7423 | 1.7660 | 1.8826 | 2.1471 . 6061
1.6243 [1.6992 |1.7244 | 1.8459 | 2.1186 || -=--=e | mem-e-
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Table 3.--Smoothed profiles, cross section 4

¥0=0.528 | y,=0.780 | y4=1.028 | y,=1.369 | y,=1.877} y,=2.335
------ conman momean P 3.5384 3.6492
---------- .- cemann 3.4696 | 3.5009 3.6142
—eeeu- - ceeeen 3.4282 | 3.4636 | 3.5794
~ema- cemean cemeae 3. 3869 3.4265 3.5448
cmmeee | sedaen | emena- 3.3457 3.3806 | 3.5104
P 3.3046 3.3529 3.4762
3.2222 | 3.2636 | 3.3164 3.4422
3.1791 | 3.2227 | 3.2801 3.4084
3.1361 | 3.1819 | 3,2441 3.3748
cmeee- R 3.0932 3.1412 3.2084 | 3.3414
ceenn 3.0157 | 3.0504 | 3.1006 3.1730 3.3082
—————- 2.9720 3.0076 | 3.0601 3.1379 | 3.2752
cmeee 2,9283 | 2.9649 | 3.0197 3.1031 3.2425
cm---- 2.8846 | 2.9223 | 2.9794 3.0686 | 3.2101
------ 2.8409 | 2.8798 | 2.9392 | 3.0344 | 3.1780
2.7950 | 2.7972 | 2.8374 | 2.8991 | 3.0005 | 3.1462
2,7501 2,7535 2.7950 2.8591 2.9669 3.1148
2,7052 | 2,7098 | 2.7527 | 2.8193 2.9336 3.0838
2.6603 | 2.6662 | 2.7105 | 2.7797 | 2.9006 3.0533
2.6154 | 2.6226 2,6684 | 2.7403 | 2.8680 | 3,0234
2,5705 2.5790 2.6264 | 2.7011 | 2.8358 | 2,9942
2.5256 | 2.5354 | 2.5845 | 2.6621 | 2.8040 | 2.9658
2, 4807 2.4919 | 2.5427 | 2.6232 | 2.7726 | 2.9383
2.4358 | 2.4484 | 2.5010 | 2.5845 | 2.7416 2.9117
2, 3909 2.4049 | 2.4594 | 2.5460 2,7110 | 2.8860
2, 3460 2.3614 | 2.4179 | 2.5077 2.6808 | 2.8612
2.3011 | 2.3179 | 2.3765 | 2.4696 | 2.6510 | 2.8373
2,2562 | 2.2745 | 2.3352 | 2.4317 | 2.6216 2.8143
2.2113 2.2311 | 2.2940 | 2.3940 | 2.5926 | 2.7922
2, 1665 2,1877 2.2529 | 2.3565 2.5641 | 2.7709
2.1217 | 2,1443 | 2,2119 | 2.3193 | 2.5361 | 2.7504
2,0769 | 2.1010 | 2.1710 | 2.2824 | 2.5086 | 2.7307
2.0321 | 2.0577 2.1302 | 2.2458 | 2.4817 2,7117
1.9874 | 2,0144 | 2.0896 | 2.2095 2.4554 | 2.6934
1,9427 1.9711 | 2.0492 | 2.1736 | 2,4297 2,6757
1.8980 1.9278 | 2.0090 | 2.1381 | 2.4047 | 2.6586
1.8534 1.8846 1.9690 | 2.1030 2.3804 | 2.6420
1.8088 1.8414 1.9293 | 2.0684 2,3568 | 2.6259
1.7643 1.7982 1.8899 | 2.0343 | 2.3340 | 2.6103
1,7199 1.7550 1.8508 | 2.0008 | 2.3120 | 2.5951
1.6756 1.7119 1.8121 1.9679 | 2.2908 | 2.5803
1.6314 1.6690 | 1.7738 1.9357 2.2703 | 2.5659
1.5873 1.6264 1.7360 1.9042 | 2.2505 2.5519
1.5433 1,5842 1.6987 1.8735 2,2314 2,5383
1.4994 1.5424 1.6620 1.8436 | 2.2129 | 2.5251



THE LABORATORY DATA

Table 3.--Smoothed profiles, cross section 4 --Continued

¥o=0.528 | y,=0.780 | y,=1.028 | y,=1.369| y,=1.877| y,=2.335

1,4556 1.5011 1.6259 1.8146 2.1950 2.5123
1.4119 1.4603 1.5905 1.7865 2.1777 2, 4999
1.3683 1,4201 1.5558 1.7593 2.1610 2.4879
1.3248 1.3805 1.5218 1.7330 2.1449 2.4763
1.2814 1.3416 1.4886 1.7076 2,1294 2.4651

1,2381 1.3034 1.4562 1,6832 2, 1145 2.4543
1.1949 1.2660 1.4247 1.6598 2,1002 2.4439
1,1519 1,2294 1.3941 1.6374 2.0865 2.4339
1.1091 1.1937 1.3645 1.6160 2.0734 2.4243
1.0666 1.1589 1.3359 1.5957 2.0608 2.4151

1.0245 1.1251 1.3084 1.5765 2.0487 2.4063
.9830 1.0923 1.2821 1.5584 2,0371 2.3979
. 9422 1. 0606 1.2571 1.5414 2.0260 2,3899
.9023 1.0301 1,.2334 1,5255 2.0154 2.3823
.8635 1.0009 1.2111 1.5106 2.0053 2.3751

. 8260 L9732 1,1903 1.4967 1,9957 2,3683
. 7900 .9471 1.1711 1.4838 1,9866 2.3619
. 7557 .9228 1.1535 1.4719 1.9780 2.3559
. 7233 .9004 1.1376 1.4610 1.9699 2,3503
.6930 . 8801 1.1234 1,4511 1,9623 | «e=-- -

.6650 . 8620 1.1109 1. 4422 1,9552 | ----- -
.6396 .8462 1.1000 1. 4343 1,9486 | ------
L6171 . 8328 1.0906 1.4272 1.9425 | -e----

+5979 .8218 1, 0825 1.4206 1.9369 e
.5817 .8130 1.0755 1. 4144 1.9318 | ----- -
.5683 .8062 1.0694 1.4084 1.9272 cemmee
.5575 .8011 1.0640 1.4026 | e=cmem | —emeee
. 5490 L1972 1.0592 1.3970 cemcan ——rmoe
.5425 . 7940 1.0549 1.3916 | =cece= | =nme--=
L5377 L7912 1.0510 | =~=-e-- cecmne | cemeas
.5343 .7888 1.0475 | -e--- o | eema- - cemmae
.5320 .7868 1.0444 | --ea-o memmen | ecase-
.5305 .7852 1.0416 camenn R .
.5295 . 7840 1,0391 | ------ cemmen | memmen
.5288 .7831 1.0369 (R ceeee-
.5283 .7825 1.0350 | eeeemm | ee--- o | aeemea
.5280 .7821 1.0334 | cemene | cmmmen | ammees

.7818 1,0320
. 7815 1.0308
. 7813 1.0298

ceenan L7811 | 1.0290 | eeceme | a-- R
e L7810 | 1.0284 | =ecee- | ememes | eme-e-
seeeee | aieee- 1.0280 | ==cees | =me-e- —eneen
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Table 4.--Smoothed profiles, cross section 5

¥0=0.905 | yo=1.158 | yo=1.285 | yo=1.704{ y,=2.525

3.6740

3.6477

.6217

3.5960

3.5706

3.5455

3.5207

3.4962

3.4720

3. 4481

3.4245

3.4012

3.3782

3.3555

3.3331

3.3110

3.2892

3.2677

3.2465

3.2256

3. 2050

2 3.1847

2.9 3.1647

2.9 3.1450

2.8 3.1256

----------------- - —————e cmemne 2.8680 3.1065
--------- .-- —eme-- P ceece 2,8396 3.0877
------------------------------ 2.8112 3.0692
PP R R mee | emena- 2.7630 2,7828 3.0510
........................ 2.17335 2.7545 3.0331
------------ —————— —eean 2.7040 2.7262 3.0155
........... ————- 2. 6800 2. 6745 2.6980 2.9981
L e S .6503 2. 6450 2.6698 2.9809
------------ 2.6035 2.6206 2.6155 2.6417 2.9639
------ 2.5630 2.5736 2.5909 2.5860 2.6137 2.9471
------ 2.5330 2.5437 2.5612 2.5565 2.5858 2.9305
-eamaa 2.5030 2.5138 2.5315 2.5270 2.5580 2.9141
2.4880 2.4730 2.4839 2.5018 2,4975 2.5303 2.8979
2.4580 2. 4430 2.4540 2.4721 2.4680 2.5028 2.8819
2.4280 2.4130 2.4241 2. 4424 2.4385 2.4755 2.8661
2.3980 2.3830 2.3943 2.4127 2.4090 2.4484 2.8505
2.3680 2.3530 2. 3645 2.3830 2.3796 2.4215 2.8351
2.3380 2.3230 2.3347 2.3533 2.3502 2.3948 2.8200
2.3080 2.2930 2.3049 2.3236 2.3208 2.3683 2.8052
2, 2780 2.2630 2,2751 2.2939 2.2914 2.3420 2.7907
2.2480 2.2330 2.2453 2.2642 2.2620 2.3159 2.7766
2.2180 2,2031 2.2155 2.2345 2.2326 2.2901 2.7629
2.1880 2.1732 2.1857 2.2048 2.2033 2.2646 2.7496
2.1580 2.1433 2.1559 2.1751 2.1740 2.2394 2.7368
2.1280 2,1134 2.1262 2.1454 2.1447 2.2145 2.7245
2.0980 2,0835 2.0965 2.1157 2.1154 2.1899 2,7127
2.0680 0537 2.0668 2.0860 2.0861 2.1656 2.7015
2.0380 2.0239 2.0371 2.0564 2.0569 2.1416 2.6909
2.0080 1.9941 2.0074 2.0268 2.0277 2.1180 2.6808
1.9780 1,9643 1.9777 1.9972 1.9985 2.0948 2.6712
1. 9480 1.9346 1.9480 1.9677 1.9693 2.0720 2,6621
1.9180 1.9049 1.9184 1.9382 1.9402 2.0496 2.6535
1.8880 1.8752 1.8888 1.9088 1.9111 2.0277 2.6453
1.8581 1.8456 1.8592 1.8795 1.8821 2.0063 2.6375
1.8282 1.8160 1.8296 1.8503 1.8532 1.9855 2.6301
1.7983 1.7864 1.8001 1.8212 1.8245 1.9653 2.6231
1.7684 1.7569 1.7706 1.7922 1.7960 1.9458 2.6165
1,7385 1.7274 1.7411 1.7633 1.7678 1.9270 2,6103
1.7086 1.6980 1.7117 1.7345 1.7399 1.90%0 2. 6045
1.6787 1.6686 1.6823 1,7059 1.7123 1.8918 2.5991
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Table 4.--Smoothed profiles, cross section 5 --Continued

¥0=0.456] ¥0=0.687 | v0=0.905 | yo=1.158 | yo=1.285 | yo=1.704 | yo=2.525

1.6488 | 1.6393 | 1.6530 | 1.6775 | 1.6851 | 1.8754 | 2.5940
1.6189 | 1.6100 | 1.6238 | 1.6493 | 1.6583 | 1.8598 | 2.5892
1.5890 | 1.5808 | 1.5947 | 1.6213 | 1.6315 | 1.8450 | 2.5847
1.5592 | 1.5516 | 1.5657 | 1.5935 | 1.6060 | 1.8311 | 2.5805
1.5204 | 1.5225 | 1.5368 | 1.5660 | 1.5806 | 1.8181 | 2.5765
1.4996 | 1.4934 | 1.5081 | 1.5388 | 1.5557 | 1.8060 | 2.5727
1.4699 | 1.4644 | 1.2796 | 1.5119 | 1.5314 | 1.7948 | 2.5601
1.4403 | 1.4355 | 1.4513 | 1.4853 | 1.5077 | 1.7845 | 2.5657
1.4108 | 1.4067 | 1.4233 | 1.4591 | 1.4847 | 1.7751 | 1.5624
1.3814 | 1.3780 | 1.3956 | 1.4334 | 1.4625 | 1.7666 | 2.5592
1.3521 | 1.3495 | 1.3683 | 1.4083 | 1.4412 2.5
13229 | 1.3213 | 1.3415 | 1.3839 | 1.4209 2.5
1.2938 | 1.2935 | 1.3153 | 1.3603 | 1.4017 2.5
1.2649 | 1.2662 | 1.2898 | 1.3376 | 1.3838 2
1.2362 | 1.2395 | 1.2650 | 1.3159 | 1.3674 2
1.2077 | 1.2136 | 1.2410 | 1.2953 | 1.3528 2
1.1795 | 1.1886 | 1.2179 | 1.2759 | 1.3403 2.5
1.1516 | 1.1646 | 1.1958 | 1.2578 | 1.3302
1.1241 | 1.1416 | 1.1748 | 1.23811 | 1.3225
1.0070 | 1.1196 | 1.1550 | 1.225¢ | 1.3168
1.0704 | 1.0985 | 1.1365 | 1.2123 | 1.3127
1.0443 | 1.0783 | 1.1194 | 1.2004 | 1.3098
1.0183 | 1.0589 | 1.1037 | 1.1904 | 1.3077

9924 | 1.0402 | 1.0894 | 1.1825 | 1.3061

9666 | 1.0221 | 1.0764 | 1.1766 | 1.3049

.9409 | 1.0045 | 1.0646 | 1.1725 | 1.3040 | =e=ece | cmeee-
.9154 9874 | 1.0538 | 1.1699 | 1.3033 | =ce-=ee | =--n-e-
.8901 9708 | 1.0438 | 1.1684 | 1.3028 | ~=-=-- | =--ne-
.8651 19546 | 1.0345 | 1.1676 | 1.3024 | ===m-= | =-ee--

8404 19388 | 1.0258 | 1.1671 | 1.3021 | ==ecee | =ee-e-

8161 .9234 | 1.0176 | 1.1668 | 1.3019 | ==coa= | —oace-

7923 .9084 | 1.0099 | 1.1666 | 1.3018 | ==---- ————--

7691 .8938 | 1.0027

. 7466 18796 .9958

7248 18658 .9893

.7037 .8524 .9831

6834 .8394 .9772

. 6639 .8268 .9716

.6453 .8146 .9663

L6276 .8028 .9613

.6108 . 7914 19566 | mmmeee | =e- U S

5949 7804 29522 | cmmmee | cmeeee | mmeeee | meeaas
.5799 -7698 29481 | emmmme | memeee | eececn | eeeae-
15659 7592 10443 | ---e- S [ R s --

5520 7494 19408 | memeee | cmecee | mmeean | eeeees
.5409 7400 L9376 | smeeen | meemme | ceemee | emece-
.5299 17310 I3 7 Z AR (U U .
.5199 7214 19321 | aaeic. - S I
15108 11122 19208 | -e-e- S cmmmen | emenae
.5026 I Y'Y S IO RUUUS (R UOUOR R O O
V4953 | eecees | smmeun | mmmess | meseme | oeemeee | eeeme-
B Y] RSNSOI R R R

4833 | emmeee | meeeen | ceeaes O O
4783 | cecmce | ccmece | cmceee | eamea- I ceman
VAT40 | ceemee | cmeeen | eeeeas SO (R I
.4703

14672

. 4646

-4625

L4608

. 4595

.4585

L4578

4573

4570

.4568
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Table 5.--Smoothed profiles, cross section 6

¥0=0.471 | y,=0.905 | y,=1.294 | y,=2.431 || y,=0.471 |y =0.905| y =1.294| y,=2.431
OO I 3.6597 1.7983 | 1.8297 | 1.8288 |- 2.4983
S IO, I 3. 6331 1.7684 | 1.8001 | 1.8005 | 2.4914
----- < | emmeee | aeeeee | 3.6066 1.7385 | 1.7706 | 1.7725 | 2.4848
-------------- --e- | 3.5801 1.7086 | 1.7411 | 1.7448 | 2.4785
------------------ 3.5537 1.6787 | 1.7117 | 1.7174 | 2.4725
------------------ 3.5273 1.6488 | 1.6823 | 1,6904 | 2.4668
--------- ee= | =s--aee | 3.5010 1.6190 | 1.6530 | 1.6638 | 2.4613
--------------- w- | 3.4747 1.5893 | 1.6238 | 1.6376 | 2.4560
-------------- -eee | 3.4485 1.5597 | 1.5947 | 1.6119 | 2.4508
------ cemmme | eme-ee | 3.4223 1.5302 | 1.5657 | 1.5867 | 2.4457
R PO [ 3.3962 1.5008 | 1.5368 | 1.5621 | 2.4407
--------------- --- | 3.3702 1.4715 | 1.5081 | 1.5381 | 2.4358
------------------ 3.3443 1.4423 | 1.4796 | 1.5148 | -e----
----- o | =eeeem | eeeeaa | 3.3186 1.4132 | 1.4513 | 1.4922 | --e---
------ cecee | amm-ee | 3.2930 1.3842 | 1.4233 | 1.4704 | ee---
----- o | eemmem | ememae | 3.2676 1.3553 | 1.3956 | 1.4495 | ----w-
SRR TSN, [, 3.2424 1.3265 | 1.3683 | 1.4206 | -----=
conene | emmewr | acena- 3.2174 1.2978 | 1.3415 | 1.4108 | ---n-
S S, I, 3.1926 1.2692 | 1.3153 | 1.3932 | ------
R ORI, 3.1680 1.2408 | 1,2898 | 1.3769 | =----- -
cemsee | emmmee | amene 3.1437 1.2126 | 1.2650 | 1.3620 | ------
----- o | emmee | eeeeee | 31197 1.1847 | 1.2410 | 1.3486 | ~e---o
S U, R 3.0960 1.1571 | 1.2179 | 1.3368 | ---—-
------------------ 3.0726 1.1299 | 1.1958 | 1.3267 | =e----
------ cemmme | meeeee | 3.0495 1.1031 | 1.1748 | 1.3184 | we-acs
----- o | eeemme | eemee- | 3.0267 1.0768 | 1.1550 | 1.3119 | «c---s
----- « | ceemem | eeeeea | 3.0042 1.0510 | 1.1365 | 1.3072 | =----o~
----- o | meeeee | aee-ee | 2.9820 1.0257 | 1.1194 | 1.3039 | =------
B --= | 2.7660 | 2.9602 1.0007 | 1.1037 | 1.3015 | ----n-
----- e | eeeeea | 2.7364 | 2.9388 09758 | 1.0894 | 1.2996 | ------
ceemee | maemee | 2,7068 | 2.9177 9510 | 1.0764 | 1.2981 | ------
R caame- 2.6772 | 2.8970 9263 | 1.0646 | 1.20690 | <---e--
------------ 2.6476 | 2.8767 .9017 | 1.0538 | 1.2960 | ------
------------ 2.6180 | 2.8569 8772 | 1.0438 | 1.2953 | «c----
------ 2.6070 | 2.5885 | 2.8375 8528 | 1,0345 | 1.2948 | ------
------ 2.5770 | 2.5590 | 2.8185 .8286 | 1.0258 | 1.2944 | --e---
------ 2.5470 | 2.5295 | 2.8000 8046 | 1.0176 | 1.2941 | ------
2,4880 | 2.5170 | 2.5000 | 2.7819 7809 | 1.0099 | 1.2930 | ----- -
2.4580 | 2.4870 | 2.4705 | 2.7642 S7576 | 1.0027 | 1.2938 | -e----
2.4280 | 2.4570 | 2.4411 | 2.7470 L7349 9958 | ecmcen | amme- -
2.3980 | 2.4270 | 2.4117 | 2.7303 . 7129 9893 | cmemee | ce-en -
2.3680 | 2.3970 | 2.3823 | 2.7140 .6917 .9831 | ----eo ceeeee
2.3380 | 2.3670 | 2.3529 | 2.6982 L6715 9772 | meemee | cmees -
2.3080 | 2.3370 | 2.3235 | 2.6829 .6525 L9716 | —eeee- -
2.2780 | 2.3070 | 2.2942 | 2.6681 .6349 9663 | --c-mee | ceme-s
2.2480 | 2.2770 | 2.2649 | 2.6538 .6188 L9613 | mmemee | em-mee
2.2180 | 2.2470 | 2.2356 | 2.6400 L6041 . | .9566 | -eecon | =eeees
2.1880 | 2.2171 | 2.2063 | 2.6267 .5907 19522 | mmmees | eemes -
2.1580 | 2.1872 | 2.1770 | 2.6139 .5785 L9481 | seeeee | ceee- -
2.1280 | 2.1573 | 2.1477 | 2.6016 .5674 0443 | seceen | ceeeen
2,0980 | 2.1274 | 2.1185 | 2.5898 .5573 .9408 | seeeee | ccmmes
2.0680 | 2.0975 | 2.0893 | 2.5785 .5481 L9376 | -e-e--- -
2.0380 | 2.0676 | 2.0601 | 2.5677 .5397 L9347 | emmeen | eee- -
2.0080 | 2.0378 | 2.0309 | 2.5574 .5319 9321 | eeeee | ceees -
1.9780 | 2.0080 | 2.0018 | 2.5476 .5245 29298 | seceen | aeeeee
1.9480 | 1,9782 | 1.9727 | 2.5383 5174 | -emeee c—eee
1.9180 | 1.9484 | 1.9437 | 2.5295 5105 | ------ cmee-
1.8880 | 1.9187 | 1.9148 | 2.5211 (5037 | cmmems | eeemen | eeeae
1.8581 | 1.8890 | 1.8860 | 2.5131 BT R [ e
1.8282 | 1.8593 | 1.8573 | 2.5055 .:923 T T
.48 e
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ANALYSIS OF THE DATA
PRELIMINARY CONSIDERATIONS
CONVENTIONS AND USE OF TERMS

The framework and general principles relating to conventions and the use of
terms has been presented in connection with the theory of varied flow in pris-
matic channels (see pp. 15-18 ). A more detailed statement, moulded within that
framework, is a prerequisite to the analysis of the data.

As already mentioned in consideration of the varied-flow equation (see p. 18)
it is customary to adopt the convention that a downward slope (in the direction
of flow) is positive. This is facilitated by assuming the channel stationing to
increase in the upstream direction with the line of the bed siope passing through

5.0
\ Water surface =
4'08
y [ =
-3.0".
[ =
(o]
Az So 202
o
>,
1.0 @
Wl

- O

1400 1200 1000 800 600 400 200
Length, L, in feet

Figure 8, -Analytical orientation of profile.

the origin of coordinates (see fig. 8), and with the value of y = y, .. coincident
with the vertical axis. (This y,,4 is the maximum value of y in which the inves-
tigator is interested. For example, if the profile were the result of an obstruction,
such as a dam, in the channel, y, ., would be the depth immediately upstream
from the dam,) With respect to the laboratory data, consistency among the pro-
files was obtained by the invariable use of yp ., as 4.000 feet, Now, if the
horizontal axis of coordinates be taken as the datum plane, or level from which
elevations are measured, it is apparent that at any point the elevation of the
bed is SyL, and the elevation of the water surface is

Elev. = S¢L + 3, (16)

L being the distance, in feet, measured from the point at which the channel bed
intersects the datum plane, and also the distance from the point at which yis

equal to y .y
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Table 6.--Stationing for the profiles

Bulletin 381 Smoothed profiles Correction to
scer::i’on Yo Published Revised | B ijetin 381
Observed y | Stationing | Smoothed y | Stationing
2 0.391 2,326 560 2.3280 560 0
2 .612 2.998 333 3.0030 333 0
2 .812 3.212 263 3.2150 262 -1
2 1.121 3.509 166 3.5090 164 -2
2 1,489 3.706 101 3.7080 99 -2
2 1,840 3.703 109 3.7025 108 -1
3 404 2.790 404 2.7890 404 0
3 .606 3.008 332 3.0077 332 0
3 .773 3.183 277 3.1845 276 -1
3 1,071 3.464 185 3.4637 187 +2
3 1.512 3.670 125 3.6699 129 +4
4 .528 2,789 405 2,7950 404 -1
4 . 780 3.018 332 3.0157 330 -2
4 1.028 3.222 265 3.2222 264 -1
4 1.369 3.475 185 3.4696 187 +2
4 1,419 3.512 175 | em=ee- 176 +1
4 1.877 3.540 178 3.5384 181 +3
4 2,335 3.646 171 3.6492 180 +9
5 . 456 2. 490 503 2,4880 504 +1
5 . 687 2.563 479 2.5630 478 -1
5 . 905 2.604 465 2,6035 466 +1
5 1,158 2.680 439 2.6800 440 +1
5 1,285 2.763 413 2,7630 413 0
5 1.704 3,154 291 3,1540 2817 -4
5 2.525 3.674 135 3.6740 133 -2
6 471 2,487 503 2.4880 503 0
6 .905 2.607 463 2.6070 464 +1
6 1.294 2,766 412 2.7660 412 0
6 2,431 3.670 131 3.6597 129 -2

REVISIONS TO STATIONING

In Bulletin 381 (Lansford and Mitchell, 1949) it is stated (pp. 22, 25-26) that
the stationing, or distance L, presented as a part of each profile table, is a
result of computation rather than observation. The increments of distance, Ax,
are of course a matter of observation, being the measured distance between the
point gages {see p. 26). However since the value of yy ., (4.000 feet) is beyond
the depth which could be observed in the laboratory, the desired consistency of
stationing among the various profiles could be obtained only by computing a
stationing for some point on each profile. This was determined by matching the
computed and observed date near the downstream end of the observed profiles.
For each profile the computed data were plotted on the basis of depth versus L.
Beginning with the greatest depth which was observed on two or more gages and
extending stream-upward through 10 consecutive observed depths, the values of
L corresponding to each observed depth were read from the curve—the few slight-
ly greater depths which were observed on only a single gage were not used in
this determination, since there was no verification of their accuracy. The average
differences were computed between the stations so determined and the temporary
arbitrary stations which had been assigned to the observed depths. This differ-
ence was the correction then applied throughout the length of the profile to con-
vert temporary stationing to stationing as shown in the profile tables.
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As pointed out in Bulletin 381, these values were not required during the prog-
ress of observations; except as a matter of convenience, the stationing could
have been neglected entirely until the time of the analysis. It also has been
pointed out that the values of stationing published in Bulletin 381 might later be
slightly revised as a result of more detailed analysis.

On the basis of the more complete analysis described in the following pages,
a slight revision has been made to the stationing of some of the profiles. Al-
though the changes are small, never more than a few feet, in the interest of accu-
racy they have been incorporated in the profiles shown in this report. Table 6,
page 36, indicates the corrections to be applied to various tables in Bulletin
381, and at the same time provides an index to the stationing which is applicable
to the smoothed profiles presented as tables 1-5 in the preceding section of this
report.,

EVALUATION OF VELOCITY-DISTRIBUTION COEFFICIENTS

The necessity of a velocity-distribution coefficient has been discussed on
page 7. This coefficient was determined by plotting a number of diagrams simi-
lar to those shown in Bulletin 381 as figures 1315 (pp. 32-34). Each area be-
tween lines of equal velocity was planimetered, and computations were made as
shown in right-hand section of table 7, page 38 of this report, under the sub-
heading “Total cross section.” These, with the two lines of computations at the
foot of the table, are sufficient to determine the coefficient, The remainder of
table 7, which is for the section shown as figure 15 in Bulletin 381, has been
presented to show a summary of conditions in this cross section for subdivisions
as shown in figure 9.

Left flood plain Central Right flood plain
sec'uon

Central
section

y< 1.0t

Figure 9, -Subdivisions of flow in cross section 5.
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Table 8, page 38, summarizes the values of ¢, for the various cross sections.
It was found that appreciable variation occurred between one and another of the
cross sections, but only in cross section 3 was there appreciable variation with-
in the cross section itself. A more elaborate study might have disclosed further
slight variations. However, it should be pointed out that the distribution coef-
ficients were so near to unity as to have only a slight effect on the velocity
head. (See fig. 16, p.57 , for example, in which a profile has been plotted both
with and without the correction for c,,). Because of the small magnitude of these
effects, and also because the labor, both in observation and computation, is very
great, a more elaborate determination of distribution coefficients appeared to be
unjustifiable.

COMPUTATION OF HYDRAULIC RADIUS

Much of the analysis which follows is independent of hydraulic radius, so that
the difficulties which arise from this troublesome factor are not everywhere a
handicap to the work. However, in the evaluation of Manning’s a, and in the at-
tempts to correlate § and V with channel characteristics, there was definite need
for this factor, and considerable attention was directed toward its proper com-
putation. The results are presented here not only as a necessary prelude to dis-
cussion of Manning’s n and the slope-velocity correlations, but also for infor-
mation and guidance to those who may deal with other problems (such as slope-
area determinations) wherein the geometry of the cross section approaches that
of cross section 5.

For the rectangular section, the hydraulic radius, R, was computed in the con-
ventional manner,

R = A/w.p., (1

in which A is the cross-sectional area in square feet and w.p. is the wetted
perimeter, in feet. These values, when used in a formula such as Manning’s, ap-
pear to give quite satisfactory results, except for small values of y. A curve of
R as abscissa against y as ordinate will generally have the characteristic shape
of the solid line farthest to the right in figure 10, page 40. The curve passes
through the origin at an angle of 43° to the axes, assumes a gradually increasing
slope with increasing y, and finally becomes asymptotic to the line R = 5/2, in
which b5 is the width of the channel.

As is generally realized, the use of equation (17) for a flood-plain cross sec-
tion, such as cross section 3, leads to very unsatisfactory results. When com-
puted by such a formula, R plotted against y becomes a curve as shown by the
solid line farthest to the left in figure 10. Within the rectangular portion of the
channel, the curve again passes through the origin at an angle of 43°, assumes a
gradually increasing slope with increasing y, -and would eventually become as-
ymptotic to the line R = 8/2 = 0.30 ft. At the depth y = L0, the value of R is
0.3344 foot. But as b is suddenly increased above this depth, a corresponding
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Figure 10, —Hydraulic radii,
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break to the left occurs in the values of R, o that for y = 1,20, R = 0.2268 foot.
After b again becomes a constant, the values of R begin once more to increase
with y, but within practical limits of y remain substantially less than for the
rectangular channel. The unsatisfactory feature of this relationship lies in the
decrease of R with an increase of y. Velocity formulas conventionally assume
that Vv varies directly (although perhaps exponentially) with R, and thus, in the
instance given above, would indicate a very pronounced decrease in average
velocity between y = 101 and y = L 2. Assuming, -as in the Manning formula,
that velocity varies as the two-thirds power of R, the indicated ratio of mean
velocities would be (0.2268/0.3344) 2/8 = 0,77. The actual ratio, as taken from
the data for cross section 5, is 1.925/2.069 = 0.93. In other words, use of the
Manning formula to compute the discharge for cross section 5 at depth y = 1.2
would give a value about 17 percent low if R were computed as area divided by
wetted perimeter.

Methods have been proposed to overcome this difficulty. A common procedure
is to impose mythical channel boundaries by extending upward the vertical sides
of the small rectangular channel and then computing the discharge separately for
the resulting subdivisions of the channel. But the question immediately arises as
to procedure for computing the wetted perimeter. To include the mythical bound-
aries would result in an overall lowering of the value of boundary roughness, with
no way of computing the new value, Experience has demonstrated that, for many
problems, acceptable results are obtained by using the mythical boundaries only
for subdividing the area, the hydraulic radius for each subdivision then being
obtained by dividing each area by its actual wetted perimeter. For various values
of y in cross section 5, such computations were made, and an overall value of
hydraulic radius obtained by weighting the value for each subdivision by the ratio
of its area to the total area. Results of these computations are shown, in figure
10, by the dotted line labelled RO

Within the range of depths required for these computations, this R°® curve ap-
pears quite satisfactory; the objectionable break in the R curve has been greatly
improved, and above a depth of about 1.6 feet the R curve and the R® curve are,
for a considerable range, nearly coincident. Unfortunately, the method cannot be
recommended for extremely large values of y. In the central section, as y in-
creases the area increases proportionally, but the wetted perimeter is held con-
stant. Hence the hydraulic radius for this section increases rapidly with depth
and eventually becomes so great as to dominate the computation for weighting R
and lead to weighted values of hydraulic radius much greater that the asymptotic
limit, R =5/2. Thus, in principle at least, another method is desirable such that,
for the central section, the area will be limited to values which are in keeping
with the limitation upon wetted perimeter.

An examination of figure 15 (Bull. 381} suggests that the boundary effects of
the small rectangular section are reflected upward and inward from reentering
boundary angles (the breaks in cross sectiqn at which y = 1,011 feet). When re-
viewed in the light of a paper by Keulegan (1938), this fact suggests the use of a
subdivision which is explained as follows: Bisectors, ci and fi, (see fig., 11) were
drawn for the reentering angles, X and Y. These divided the cross section into
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Figure 11, -Subdivision of flood-plain cross section for computing R,

three areas, 4, B, and C. Their hydraulic radii were taken as being A/abc,
B/cdef, and C/fgh, respectively, The hydraulic radius of the entire cross section
(hereafter designated as R') was then obtained by weighting the hydraulic radii
just computed by area, as follows:

- A%/abc + B2/cdef + C2%/1gh ' (18)

Rl
A+B+C

Comparing the change in R' with change in y, it was found that there was neary
a constant value of R between the values of y = 1.01 and y = 1.20, in which
range the value of sincreased from L00 to 5.00. Plot of this relation appears as the
dashed line (R') farthest to the left in figure 10. It will be noted that, for shallow
depths on the flood plain, values for R' are nearly the same as for RS At depth
of 4 feet, R' is appreciably greater than either R or R° but for extremely great
depths (not shown in figure 10) R', like R, will become asymptotic to b/2.

To determine whether this method of computing hydraulic radius is consistent,
from a practical standpoint, with the conventional procedure (equation 17) a
corresponding computation was made for the rectangular section. For this, bi-
sectors were drawn for the salient angles of the cross section (the 90° angles
between bottom and sides,) thus dividing this cross section into three parts.
Computations then were completed for R" by the method outlined above for R'.
Results are shown by the dashed line farthest to the right in figure 10. Since
there is negligible difference in the results, it appears that the method of com-
puting R' as used in the flood-plain cross section is consistent with conven-
tional procedure for computing hydraulic radius.
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VALUES OF MANNING'S n

As was the case with hydraulic radius, most of the analysis which follows is
independent of the value of Manning’s n. However, a better understanding of the
various channel ratings, as well as additional light on the applicability of the
Manning formula, may be gained by an examination of the manner in which n
varies between the several cross-sections, and between various depths within
any cross section. This information is presented in figure 12, page 43. It will be
noted that for low values of y, all the cross sections show an apparent increase
in the value of n as y decreases. If n be considered as a characteristic of the
channel lining, which for any cross section is uniform for depths of less than 15
feet, then the apparent increase of n with decrease of y can be accounted for
only by the fact that the two-thirds power of the hydraulic radius inadequately
reflects the effect of the shape of the channel. Particular attention is invited to
the curves for the flood-plain cross sections 5 and 6. (For values of y less than
1.5 feet the two cross sections are identical.) The continuous lines indicate the
variation in n when R is computed in the conventional manner of equation (17).
The dotted and dashed lines indicate the corresponding variation, for cross sec-
tion 5, based on R° and R', respectively. It will be noted that in the range of
rapidly expanding width (between y = 1.01 and y = 1.20) and immediately above,
the use of R®, or of R', results in much more stable values of n.

DIRECT METHOD OF ANALYSIS

In an earlier section of this publication, “Integration of the varied-flowequation
by the step method, ” it was demonstrated both graphically and analytically that

Ax =-AH/(Sq - S) (14)

With appropriate knowledge of the velocity-distribution coefficient, and of the
uniform-flow stage-discharge rel ation, AH may be readily determined for any two
values of y. Bearing in mind that Sj is normally a known quantity, it will be obvi-
ous that the profile computations may be readily made if § can be properly evalu-
ated. Thus it appeared most desirable that § should be computed for the labora-
tory data and correlations made between these values of §, the known discharges,
and the channel characteristics. If a relation could be found which was appli-
cable to all cross sections and all discharges, it would represent considerable
progress in the evolution of a better formula for the computation of friction slope
for gradually varied flow.

Introducing y and the velocity distribution coefficient into equation (14) and
solving for s,

=Axso+(y1+cmV12/2é)-(y2+cmV22/2g)’ (19)

§ Ax
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in which Ax = xq - x4 is a positive quantity if the initiaﬂ section {1) is upstream,
or a negative quantity if the initial section is downstream from the final section
(2). If yo and y, be taken sufficiently close together, the resulting value ofs
may be considered as applicable to the point at which y = (y, + y1)/2, the aver
age value of y. In computing § for the rectangular channel, Ax was taken as 15
feet; for the flood-plain channel Ax was taken as 10 feet. The values of y used
in preliminary computations were those taken directly fiom the observed profiles.
However, y had been observed only to thousands of a foot, and it was found that
this was insufficient refinement to avoid “step breaks” in the computed values of
S. Therefore the values of y as given in the observed profiles were smoothed and
recomputed to ten-thousandths of a foot, giving the values shown in tables 1to
5, pages 27 to 34. Using these tables and formula (19), values were computed
and large-scale plots were made of yavg as ordinate against § as abscissa for
each of the smoothed profiles.

Tables 9 and 10, pages 46, 47, containing the basic data for the proposed corre-
lation, were then prepared by reading from the large-scale plots the values of
§ corresponding to the indicated cross sections, depths, and discharges.

In the attempted correlations, each cross section was first considered sepa-
rately. The first step was a plot, on logarithmic coordinates, of § as abscissa
against ¥, the actual velocity under which the specific § was observed, as ordi-
nate. A common symbol was used to identify common values of y, but different
symbols for different values of y. Each plotted point was labelled by its proper
discharge. There resulted a great dispersion of points; but it appeared that, at
least for the higher values of § and Vv, paraliel straight lines might be passed
through those points for which y was a constant. If this were the case, all the
points could be brought to a common curve by dividing: v by some function of y.

In attempting to discover this unknown function of y, the straight lines were
drawn as described above, and intercepts, i, read from a common ordinate. (The
ordinate § = 0.0004 was used as a matter of convenience.) These intercepts then
were plotted on logarithmic coordinates against variops functions of y. Of the
plots attempted, the one involving hydraulic radius was most satisfactory, giving
a relation, for example, in cross section 4, of R - 0.27 = .0002365 i2, Unfortu-
nately, the relation proved not to be constant for all cross sections, the relation
for cross section 2, for example, being R - 0.15 = .000141 i2 The variation of
the coefficient of i was to be expected and might have been correlated with vari-
ation between the channel linings, but the variation in ithe adjustment to R could
not be logically interpreted. Thus, for lack of a commén relation between R and
i in the several cross sections, no further attempts w?re made to bring the data
for all cross sections into a single plot. |

The data for each individual cross section, however, now were recomputed.
This was accomplished by dividing v by (R + ¢)%-5, in which ¢ was constant for
a given cross section, and having, for example, the value of -0.15 for cross
section 2 The resulting plot for cross section 2 is presented on page 4& as
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Table 9.--Friction slope and its exponent,
rectangular channels
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Table 10.--Friction slope and its exponent,
flood-plain channels
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figure 13, It will be noted that, for values of § greater than about 0.0003, all the
points lie very close to the curve $%:5 = 0.0119 v/(R-0.15)9-5. However, for
lower values of $ the points depart from this curve, and it will be noted that
points of equal discharge tend to define independent curves branching away from
the parent relationship. Of these branches, all except that for the lowest dis-
charge trend in the same direction. A positive reason is not evident for this
apparent discordance of the curve for lowest discharge, but it seems appropriate
to point out that for this curve the values of s were computed from differentials
of y which were extremely small and may therefore be subject to very consider-
able errors. Neglecting this one curve, all the others indicate that as $ decreases,
the slope of the curve, or the appropriate exponent of §, sharply increases and in
fact appears to approach a 45° line which would represent an § with an exponent
of 1. Such a value for the exponent of § would, of course, be indicative of lami-
nar flow. Thus the plot may be interpreted to indicate that, under the extreme
back-water conditions for which these low values of § are appropriate, turbulent
flow was not completely developed.

It was next assumed that the relationship indicated by figure 13 should have
the more general form

sb = f(v,y)

and efforts were made to evaluate 5, and correl ate these values. For uniform flow
at any given depth, y, by equation (9),

Q VoA
Ko = 5‘30.5 = 3:0075' (20)

a value depending only on channel characteristics. For nonuniform flow at the
same depth, these channel characteristics remain unchanged, unless, indeed,
roughness is a function of velocity, which is contrary to usual assumption. As-
suming the channel characteristics remain unchanged, then K remains unchanged
and

VA

0 =K;s?, or K0=g_b= — (2D

17

Combining equations (20) and (21) and solving for 5,

% log sg +log v ~log vy (

b log s

22

Values of b were computed by this formula for all the values of § which appear
in tables 9 and 10, pages 46, 47. These values of 5 (see tables 9 and 10) then were
plotted against promising characteristics of the flow, including the Froude Num-
ber, Reynolds Number, and various ratios between v, V,, y and yo- The most
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satisfactory plots were obtained with respect to the Froude Number, which was
computed as F = csz/gR, in which R is the conventional hydraulic radius, and
for which R', as described on page 42, was substituted when considering the
flood-plain channels. These plots indicated a definite trend of increase in » with
low values of F, but there was much scattering of the points, and the data for the
lowest profiles were in contradiction to the general trend. Still the trend was
sufficiently pronounced to suggest use of the relation in test computations of
backwater profiles. Agreement between these computed profiles and observed
profiles was not materially better than the agreement obtained from computations
by less involved methods. Thus, because the improvements in resuits were not
definite enough to justify the vast increase in the work of computation, and also
because of the contradicting trend of the data for the profile of lowest discharge,
no further use was made of the variable exponent of friction slope. Assuming, in-
stead, that b is invariably 0.5, equation (21) reduces to

Ko = va/s0:5 (23)

which, combined with equation (20) gives

S=visyvyd 29

For a given channel, S is constant and v is a function of y. Thus it becomes
convenient to introduce a factor & = V(/8,%5, so that

[

The extent to which equation (25)is appropriate isillustrated by figure 14, page
50, in which, for cross section 4, valuesof V/k have been plotted as ordinates with
values of § as abscissa. The curve has been drawn to conform with equation
(25). As in figure 13, there are some notable departures of particular discharges
from the slope of the curve as drawn, but since the trend of the lowest discharge
is opposite to the trend of the higher discharges, the use of the curve as drawn,
involving the exponent 2 in equation (25) seems most appropriate. This equation
has been used for computation of § in the remainder of this report. (See p. 52.)

INDIRECT METHODS OF ANALYSIS

In the direct method of analysis, attempts were made to evaluate S, the slope
of a point on the energy gradient. Because this slope changes from point to
point along the channel, it was necessary to work with reaches of channel of
such short length that the change could be neglected. This in turn involved the
use of such small values of Ay that depths observed to thousandths of a foot,
even when smoothed to ten-thousandths of a foot, were comparatively rough
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approximations. On the other hand, the values of y might be regarded as highly
accurate with respect to a method of analysis which would permit the use of long
reaches of channel. Because of curvature in both the line of the energy gradient
and the line of the water surface, use can be made of long reaches only by in-
direct methods; that is, it becomes necessary () to assume that a particular
method of computation is appropriate, (2) to compute the surface profile by this
method, and finally (3) to compare the computed profile with the observed profile,
thereby ascertaining whether or not the perticular method is truly appropriate.

Of two indirect methods which produce equally satisfactory results, one may
be the more desirable from the practical viewpoint. If only the total length of
reach between two widely different values of y is desired, a method which com-
pletely integrates the varied-flow equation may be a great saving in labor, On
the other hand, if it is desired to define accurately the shape of the profile be-
tween these two widely different values of y, many additional points on the pro-
file may need to be computed solely for this purpose, so that the total number of
steps may be greatly increased. For this purpose the step method, because of
its simplicity, flexibility, and widespread acceptance, may be regarded as the
more desirable,

THE STEP METHOD
The basic formula of the step method has been presented:
Ax = -AH/(S; - §) (15)

S being the mean value of § at the two ends of the reach Ax, and § being com-
puted by the method deemed most appropriate. It has been indicated in the pre-
ceding section, and it is now assumed, that the most appropriate method of com-

puting § is
2
s= (kK) . (25)

Values of k appear in this report as tables 28-32, pages152 to 154.

In the development of equation (15), it was specified (see page 24) that Ag
should be considered as the loss in H, or H at the initial section minus H at the
final section. Thus all the terms in the right member of equation (15) represent
loss in the reach Ax. Whether Ax itself should be regarded as a loss (initial
value minus final value) or a change (final value minus initial value) is a ques-
tion which may be viewed in the light of convenience, and the objective of the
computations. In fact there are instances in which Ax is appropriately regarded
merely as a length of reach. In the present study, it is both convenient and appro-
priate to regard Ax as a loss, so that, if L, be the value of the stationing for
the initial section (1) and L, be the corresponding value for the final section
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(2), Ly - Ly = Ax, which, combined with equation (13), gives L, = L, + [AH/
(So - $)1 in which AH still is defined as the loss, H, - H,. This equation is
appropriate to the computation of any and all types of profiles, and yields the
same arrangement of the values for L irrespective of whether the initial section
be chosen upstream or downstream from the final section.

Computations by the above formula are conveniently made in the form of table
11, pages 53 and 54. In the first column are listed values of y, beginning with
Ymax 2S described on page 35. Successive values of y are those corresponding
to interval s needed for properly defining the profile, or for mitigating the effects
of curvature, whichever may be smaller.Values of 4 in column 2 are the com-
puted product of y and width b, or for the flood-plain cross sections, are taken
from the table of areas (see p. 152, table 27). V is obtained by dividing the known
discharge of the profile by A. To compute the velocity head, ¢, V2/%, c_, is
taken from table 8, on page 38. H is the sum of y and velocity head, and k is
taken from tables 28 to 32 Column 3 divided by column 7 gives column 8, v/k,
which is squared to obtain S, column 9. For each reach, the downstream is con-
sidered as the initial section, so that AH is the remainder of # on any line minus
H on the following line. Values of S at each end of a reach are averaged to ob-
tain S; this subtracted from the constant value (0.003) for Sq vields column 11
which, when divided into AH from column 6, gives column 12. Value of the sta-
tioning for the final end of the reach (L,) is then obtained by adding column 12
to the value of the stationing for the initial end of the reach, the results being shown
in the next-to-last column of the table. In the final column, elevation is the sum
of y and SoL. (See equation (16), p.25.)

DIRECT-INTEGRATION METHODS

Of the several methods of direct integration which have been propcsed in
recent years, those which appeared most adaptable to the laboratory data (name-
ly the Bakhmeteff method and the Von Seggern method) have been discussed inthe
preceding section of this report. (See pp. 21, 22.) As a check upon the relia-
bility and extent of agreement of various methods, selected representative pro-
files were computed not only by the step method, but also by the above methods
of direct integration.

COMP ARISON OF RESULTS

A comparison of results is most conveniently made by figures 13 and 16, pages
56, 57 . Figure 15 presents the curves for the highest and lowest discharges
observed for cross section 2. The curves represent the results of step-method
computations and are identical with the curves presented as part of figure 8 in
Bulletin 381, (Lansford and Mitchell, 1949} .Itwill benoted that forthe high dis-
charge there is no appreciable difference between the results of the various
methods. For the low discharge, the direct-integration methods produce eleva-
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tions which, between stations 800 and 1300, are slightly higher than those for the
step method. Comparison with the corresponding curve of Bulletin 381 indicates
that the step-method results are in slightly better agreement with the observed
data.

Figure 16 presents similar data for the highest and lowest discharges observed
for cross section 5. Comparing this plot with figure 11 of Bulletin 381 and bear-
ing in mind that the step-method results are identical in the two figures, it will
be noted that, although the results of the direct integration methods differ only
slightly from the results of the step method, these differences are generally in
the opposite direction from the observed data.

Thus, while the work involved in step-method computations is slightly greater,
the results appear to be slightly more consistent with observed data. Further-
more, in the following sections on stage-fall-discharge relations, it is necessary
that the profiles be carefully defined throughout their entire length; thus a great
number of subdivisions is required even by the direct-integration methods. For
these reasons, the step method was adopted as the standard procedure for com-
puting the profiles.

TABLES OF PROFILES BY THE STEP METHOD

Using the step method, profiles were computed for all the profiles which were
observed in cross sections 2 to 6, inclusive. These are identical with the con-
tinuous lines of figures 8 to 12 in Bulletin 381, Summary of the computations
appears as tables 12 to 16, inclusive, on pages59 to 77. It will be noted that
these computed profiles are based on the laboratory data in that the hydraulic
properties of the cross sections under uniform-flow conditions were determined
experimentally, the properties thus determined for a given depth being assumed
to apply to conditions of gradually varied flow at the same depth. Furthermore,
the computed profiles {except for the two lowest discharges for cross section 5)
were plotted and carefully compared with their observed counterparts, thus veri-
fying the validity of the computed profiles. The values of y; and Q given in the
column headings are related to each other through the use of the stage-discharge
relation for uniform flow as given in table 42 in Bulletin 381 or as can be deter-
mined without reference to that bulletin through use of tables 27 to 32 of this
publication as described on page 3,
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Table 16. --Sumary of step method computations of profiles, cross section 6

Q=0.83 Q=184 Q=13.98 Q= 30.63
y y, = 0.471 ¥, = 0.905 y, = 1.294 y, = 2.431
L Elev. L Elev. L Elev. L Elev.
4,00 0 |4.00000 0 4,00000 0 4,00000 0 4.00000
3.80 | ----- ) CETE TSI IRNPRRE, PN BIETTETTE PP -- 73.08(4.01924
3.60 133.35(4. 00005 133.38/4,00014 133.55|4,00065 147.89|4.04367
£ T e e e U P 225.26(4.07578
3,30 | cemeee|emmeeee | eemecn|acennee ] aes B 265.28(4.09584
3.20 306.56(4.11968
3.10 349.51|4. 14853
3.00 394.72|4.18416
2.90 443,17]4,22951
2.86 463,77(4.25131
2.82 | ceeeesfemmcean | e |eieiien | e e 485.28(4.27584
2.80 400.0614,00018 400.264.00078 401.14 [4,00342 | ~ce--e|-amen- -
b 4 S e e P I 507.93]4.30379
2.74 | ceeeecjmememoe | eemeec|eccnann | ccesenfamaneas 531.98]4.33594
2,70 | semeeefemmeien | ecmcacfanan R Tty PR 557.85]4,37355
2,68 | cmecemlecmccan | mmedncfodeninn | meemanfemennns 571.65|4. 39495
2,66 | seeeme|mcmemee | cemcmaleccaaen | acameafecceans 586.14]4.41842
DI S (SRR Ry Aty AR R - 601.47|4. 44441
b B B e o el CLE T 617.82(4.47346
2.60 466.75]4,00025 468.28 4.00484 635,404, 50620
2,58 | ecmmmefecmeene | emccanfcenanes | mmcmenfamenens 654.52(4.54356
2.57 | emmeeofececeee | memmeafeinmiee | eemeecamaeas 664.79]4.56437
2,56 | memmem|memcees | meecms|eccmeme | seeemen|ameeae- 675.64(4.58692
b B LT T T pueyay PRSI R e B 687.13(4,61139
b e T T TP I puuppony PRI (R, 699.40 |4.63820
2.53 712.60(4,66780
2.52 726.97(4.70091
2.51 742.72(4,73816
2.50 759.28(4.77784
2.49 777.88(4.82364
2,48 | memeeejeecccen | smemen |emeceen | smmcen femeeae- 800.96(4.88288
2,47 | cmmeeelacemien | mceamefamecaon | eescenn feneaen - 828.70(4.95610
2,46 | mmceeelecemeae | ceceecfememiin ] eceean feeaaaas 863.77(5.05131
PRPELEY | I R e T T 884.65(5.10926
2. 40 533.44(4.00032 533,84 [4.00152 535.63 (4.00689 | -----=|-=-----
b T R e F e e S LT 569.42[4,.00826 | =---==|-am=u--
2.20 600.15|4,00045 600.73 [4.00219 603.33 14,00999 | -=----|-mcmeee
b N B T IS RUy RIS 637.41(4.01223 | =---me|--m-en-
2.00 666.89 |4.00067 667.76 |4.00328 671.72(4.01516 | --=--=|-=-eme-
1,90 | --mmee|-eemeee | aeees R PR 706,38 [4,.01914 | --wean|emaomen
1.80 733.69(4.00107 735,10 [4.00530 741.57 [4.02471 | -=---c|-cmneun
1,76 | =e--ce|occmmne | cocuuc faen .- 755.85 [4,02755 | ==eoee [--eeone
1.72 D LT LR TR PR A 770.30 |4.03090 | ~m=m=-=|ee=e=n-
1.70 Bl LT 768.97 |4,00691 | ==-ww- jemccmen | cmccmnfamaacaa
1,68 | m-emcafeccecae | meecefeeenaan 784.96 (4,03488 | ~-ce-e|omaoun-
1,64 | =memmc|occcmnc | aaen D P 799.90 [4.03970 | =-==--|-------
1. 60 800. 65 |4.00195 803.12 (4. 00936 815.20 [4.04560 | =---=-=|-m-an--
1.56 | ===nn- B LT T [P R 830.99 |4.05297 | -----u|ceea--n
1.52 R CETTE T RS Fu - 847.45 |4.06235 il LT
1.50 834,23 14.00269 837.76 14.01328 | «eeeee jomn- B LT T R
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Table 16, --Summary of step method computation of profiles,
cross section 6 --Continue

Q=184 Q=13.98
y Yo = 0.905 Yo = 1.294
L Elev. L ETev.

1.48 LT 864.89(4.07467
1.46 mememes 874.12|4,08236
1.44 L ET - 883.82|4.09146
1,42 | eceeccfmmancas]  enncenfeccacee 894.15]4.10245
1.40 4,02014 905.34(4.11602
1.38 evennevomonna csmene [cavncas 917.76(4.13328
1.36 | <«~--- . |mmmenna cesece|ecannnn 932,10 {4, 15630
1,35 cemmen |sncnan cuemenlencenn - 940.35(4.17105
1.34 ceeres emcanne meeees |ameanes 949,77 [4.18931
1,33 eemonn (cacecan evemeeeunecnen 960,87 ({4.21261
1,32 ccacenlennnene ccsmoe|ecacnee 974,74 |4.24422
1,31 meecesjescecas ceee=- LEET R 994,12 )4.29236
1.30694 reccee |oanena | meeees ~eeeeea [ 1,002,51|4.31447
1.30 902.1214,00636 911.16|4,03348 | ~==cccne |canenne
1.26 915.914.00773 927.31(4.04193 | ~emv=cne |-~ LEEEE
1.22 929,82 |4.00946 944,42 |4,05326
1.18 943,84 |4.01152 962.741{4.06822
1.14 958.04 (4. 01412 983.18 (4.08954
1.10 972.4814,01744 | 1,007.16 [4.12148
1,06 987.2214.02166 | 1,037.10 (4.17130
1.04 994,73 (4.02419 | 1,055.69 {4,20707
1.02 1,002, 36 (4,02708 | 1,077.55 {4,25265
1.01 esemecce |oeoeena 11,090,19 [4.28057
1.00 1,010.09{4.03027 | 1,103.85 |4,.31155

.99 cecemase emmewen | 1,118, 49 |4, 34547

.98 ememececjccemnae [ ]1,134,66(4,38398 | -~~voe-- remsece
.97 cemencms laveeona | 1,152,.80 {4.42840 | ~-eceecn jovneaan
.96 cmecceccfemeenas 11,173,59 14,4807 | =m===- o fenemen.
W95 eemsecas EELT T 1,198,1114.54433 | ccvecnne jencena-
S eee |eownena 1,226.93{4.62079 [ ~==ee--- eenasne
.93 meemmea- emccaes |1,264,51(4,72353 | cemmanec [recaene
W92 jeececnma(onn e===11,319,50]4,.87850 | ~===meen [coammme
191405 | =crennc lamaanns 1,373 §.,03311 { ~evenmmn- meeme-e
.90 1,049.83 (4.04949 ewevere |emmencan wmecane
. 80 1,092.02 (4.07606 emescen [ emmcecne mesesn-
.70 1,138.7614.11628 | ~ec=vmccfecucnan

.60 1,195.75/4.18725 | ve=vu-- e

.56 1,225.1814,.23554 | ~ecem-=n[emnaen -

.52 1,265.19(4.31557 | mevecen=]anceena

.51 1,279.52|4.34856 | c=vccccnfcnccacnn | meaconen|nenannn
.50 1,297.96(4.39388 | «<~=nme=e|enu= mee | amcseccr |eocmena
.49 1,322.65|4.45795 | «-cnau-- emrecce | mmecncen(mocnaann
.48 1,361.95[4.56585 [ ==ccenecnfccnceca [ommenncnfcenenna
L47571 | 1,394,33[4.65870 | comeccnc]|ccancca | ceecuecn|anne e-
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STAGE-FALL-DISCHARGE RELATIONS FOR THE LABORATORY CHANNELS
DETERMINATION OF DISCHARGE UNDER BACKWATER

In the operation of most gaging stations, discharge is determined from stage,
or elevation of the water surface. This is accomplished by use of rating curves,
developed from an appropriate number of discharge measurements, for each of
which both the discharge (the dependent variable) and the stage (the independent
variable) have been observed. The curves presented as figure 6, pages 18 to 19,
in Bulletin 381 (Lansford and Mitchell, 1949) become rating curves for the lab-
oratory channels if the scale of depth, y, be considered as a scale of elevation.

The use of these curves assumes there is a fixed and invariable relation be-
tween stage and discharge. Such an assumption obviously is true for uniform flow
(see pp. 11-13). It also is true for certain conditions of nonuniform flow, as, for
example, those in which an M-1 surface profile is produced by nonuniformity of
the channel, so that for a given stage and discharge the profile always will be
the same. The rating curve for a channel upstream from a fixed spillway (see fig,
17 (left), below) is an example of such conditions. If a gage be located at any
point such as A or B, the stage will be greater than for uniform flow; but as long
as the discharge is constant, the stage at A or B will be constant and the simple
stage-discharge relation effective. In discussions on stream gaging, it is quite
common to designate this as the ‘‘normal’’ stage-discharge relation. It will be
obvious that, although this relation may be fixed and invariable, it nevertheless
may differ materially from the uniform-stage-discharge relation described on
pages 11-14, and which also is referred to by many writers as the ‘‘normal’’
stage-discharge relation. To avoid confusion between the two, the relationship
determined by the conditions of figure 17 (left) will be designated as the fixed-
backwater stage-discharge relation.

Fixed source of nonuniforrGﬁy Variable source of nonuniformity
Figure 17, —Variations of water swface under fixed discharge.
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But the surface curve between gages A and B may result from other causes
than a fixed spillway. Let it be supposed that the channel discharges into a res-
ervoir, as in figure 17 (right), and that the elevation of the water surface in this
reservoir is subject to variation throughout wide limits, Assuming that the dis-
charge is the same as for figure 17 (left), and elevation 1 of the reservoir is such
that the stage at B is the same as before, then the profile upstream from B will
be the same as before, If the reservoir surface is lowered to elevation 2, then
the point b' on the first profile will be transferred to 5* on the second profile.
In fact, the profile between gages 4 and B will be identical in form with the
curve a'b'. The stage will be reduced at both gages 4 and B, although the dis-
charge remains constant. Hence, under such variable backwater, the stage-
discharge relation at each point will be variable, rather than fixed. It will be
noted, however, that the reduction in elevation at B will be greater than the cor-
responding change at 4, so that the fall in the reach A-B will be increased. If
the reservoir surface is further lowered to elevation 3 so that the depth at B is
equal to yg, the condition of uniform flow will be established. The depth at A
also will be yq, the water-surface slope will be parallel to the bed slope, and
the uniform stage-discharge relation will be effective. This is the limiting con-
dition of the problem as now considered. Lowering the reservoir surface to ele-
vation 4, so the depth at B is less than yg, will result in an M-2 surface profile
in the reach A-B—a situation beyond the scope of the present study.

It was noted above that the variation in stage at points 4 and B was accom-
panied by a variation in fall, so that stage and fall may now be used as two inde-
pendent variables for the determination of discharge. Reliable values of dis-
charge could be more easily obtained by the use of stage and slope of the water
surface, both at gage A. Unfortunately, the slope of the water surface at a point
is not susceptible to observation under field conditions. It can only be approxi-
mated by use of the fall in a reach which, of course, may be transformed to the
average slope in the reach by dividing by the length, in feet, between the gages.
An examination of the difficulties which arise from this approximation, and of
the methods for mitigating these difficulties represents the objective of the pres-
ent study.

Referring again to figure 17 (right), it will be noted that the shifting of the
profile a'-b' to the position a" -b" is an application of the principle of rigid-
ity, described in Bulletin 381 (p. 17) as follows:

In a prismatic channel the shape of the backwater profile remains fixed as lon% as the
discharge, the boundary conditions and the sloEe are fixed, Any change in the depth at
which tﬁe water is flowing does not produce a change in the shape of the curve; it merely
transfers that particular portion of the curve to a different part of the channel, As the
depth of water is increased, the curve is displaced, rigidly, in theupstream direc-
tion, and another portion of the curve, characterized by a slope which is more nearly
horizontal, is brought into place; as the depth of water is decreased the curve is dis-
placed, rigidly, in the downstream direction and another ?ortion of the curve, character-
ized by a slope which is more nearly that of the channel bed, is brought into place. In
neither case has any portion of the curve been altered; only a different part of the same
curve has been brought under observation.
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Thus, mesus are now at hand for determination of an unlimited amount of data
for studies of stage-fall-discharge relations in the laboratory channels. It is
necessary only to decide what length of reach is to be investigated and to con-
sider two gages, separated always by this length of reach, to be moved at will
to any location on the channel. Thus, if it be desired to study a reach of 100
feet in length, the upper gage may be considered to be located at station 100
and the lower gage at station 0. From any of the profile tables (tables 1-5 or
12-16), the discharge and the elevation at the two stations may be determined.
(Values in the profile tables are given at such intervals that straight line inter-
polation may be used when necessary.) Subtracting the elevation obtained on
the lower gage from that obtained on the upper gage (tables 12-16), provides
the value of the fall, and complete data are available which are equivalent to a
field observation of stage, fall, and discharge. If, now, another set of data are
desired under backwater conditions only slightly less severe, it may be con-
sidered that the upper gage is located at, say, station 130, and the lower gage
at station 30. From the profile tables another pair of stages may be read, which
result in slightly lower stage at the base gage and slightly more fall in the
reach.

The technique just described can be applied either to the smoothed profiles,
tables 1 to 5, or to the computed profiles, tables 12 to 16. Experience has
demonstrated, however, that in the studies which are to follow, it is more desir-
able to use tables 12 to 16. Under great backwater effects the observed fall
becomes extremely small, in many cases less than 0.0005 foot. (See, for ex-
ample, the Fy column of table 24, p. 95.) Tables 1 to 5, it will be recalled,
were prepared from data observed only to thousandths of a foot, so that not
infrequently falls computed from these tables will be in error by more than
0.0001 foot, thus leading ta possible errors of more than 20 percent in the
computation of fall ratios. Such errors lead to considerable scatter in sub-
sequent plottings and thus tend to obscure the conclusions. The scatter from
this cause is practically eliminated by the use of tables 12 to 16, in which
elevations are computed to five decimal places. From the fact that the com-
puted profiles are essentially the same as the smoothed profiles (differing
largely only in degree of refinement) it follows that studies based on tables 12
to 16 will lead to essentially the same results as those based on tables 1 to 5.
Thus, to prevent conclusions being obscured by scatter due to insufficient re-
finement in fall, the studies which follow have been based on the computed
profiles, table 12 to 16,

In order that readers who wish to make further studies may have convenient
access to data in usable form, selected simultaneous values of stage, fall, and
discharge for a 400-foot reach of the computed profiles are presented as tables
33 to 37, pages155to 159, Appropriate values of y for each profile are listed,
together with the discharge, in the tables. The following example will illustrate
the computation of the associated falls. The fall, F,_, in cross section 2, as
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shown in table 33 for a depth of 1.60 feet and a discharge of 3.90 cfs, was
computed from table 12, page 59, using a value for yg of 0.391 fpot (Q of 3.90
cfs). The station and elevation for y of 1.60 feet are found to be 802.38 and
4,00714, respectively, Subtracting 400 feet, the length of the reach, from 802.38
gives 402.38, the station of the downstream end of the reach. From column 2 of
the table using 402.38 and straight-line interpolation, the elevation of this sta-
tion is found to be 4.00172. Subtracting this water-surface elevation from that
at the upstream end of the reach gives 0.00542, the listed fall.

In working with field observations, the data which fail to support a particular
analysis, or method of procedure, sometimes are viewed with suspicion. Their
recording may have been affected by wind, er ice, or poormeasuring conditions, orby
errors in reading a gage. But for the data which may now be computed from
tables 12 to 16, these excuses cannot be made. Values of discharge are the
result of many observations which have been crosschecked and correlated.
Values of stage are computed to the fifth decimal place. The analysis of these
data by any given method becomes a test, not of the data, but of the method, as
it ap plies to the particular set of channel conditions that existed in the labora-
tory. If the method gives acceptable results under the severe conditions of this
test, it may be considered as generally applicable to other stage-fall-discharge
problems. If it does not give acceptable results, it must be regarded as a method
suitable only for conditions which are less severe than those used herein.
With these thoughts in mind, the data have been computed and plotted by the
several methods which follow.

RESUME OF CURRENT METHODS
THE STAGE-FALL-DISCHARGE DIAGRAM

This, perhaps the oldest of all the methods of analysis, is illustrated by
figures 18 and 19, pages 82 and 83. The first of these is for cross section 2
(rectangular); the other is for cross section 5 (flood plain). Each has been pre-
pared for a reach 400 feet in length. Since the bed slope is 0.003, the no-
backwater fall (or fall for uniform flow) is 1.20 feet. The right-hand curves,
which represent the uniform stage-discharge relations of tables 42 and 45, Bul-
letin 381 (Lansford and Mitchell, 1949), have been so labeled. Cther solid lines
represent the positions which would be occupied by the stage-discharge curves
if the fall were fixed at the values shown. Preparation of these diagrams is
quite simple. For example, in plotting figure 19, the needed values of stage,
fall, and discharge are abstracted from table 33, page 155, until enough are ob-
tained to permit the drawing of lines of equal fall.

In practice, it sometimes is necessary to develop such diagrams from compar-
atively few points, To obtain a systematic spacing of the lines, it is sometimes
assumed that lines of equal fall should vary with the square-root relation.
Curves developed on this assumption and based on the no-backwater stage-



82

STAGE-FALL-DISCHARGE RELATIONS

EXPLANATION
stage - discharge relation folt as indicated

— —0.3— — Apparent relation based on square root of fall as indicoted

—0.3—— True

/
/
7,
7
LS
-

Iy
/
/
/
>,
/
/
/)

A
/

i

/

77

I/

1
) -

/

25

2.0

[} ]

- 1994 u) ‘aboig -

38

30

20

Figure 18, —Stage-fall-discharge diagram, cross section 2, 400-foot reach,



83

STAGE-FALL-DISCHARGE RELATIONS FOR THE LABORATORY CHANNELS

*qoral J00J=(00F ‘G UONDDS s50X0 ‘wexdelp 23reyosip-[rej-o8eIs— "gr amBry

Yo
s€ ot (1] 02 -l ] S
P8IOdIpU) 80 ([0} JO §004 ONDS UO DPEIDQ UOHDRJ JuURIDAdY - —g'0— ~
PoIOdpUl 30 jjD}  UOYDI®S  #BioydsIp-ebois ani) €0—

NOIL¥NYIdX3

\
\
N
N

5,\

A\

N\ §\§
SN

\
\
\\
\
N\
\
L\
N\ \*
N
\\\0
By

JEETRITRET ]IS



84 STAGE-FALL-DISCHARGE RELATIONS

discharge relation appear as dashed lines in figures 18 and 19. The percentage
differences are enormous and must lead immediately to the conclusion that, in
this case at least, the true discharge does not vary from the no-backwater
stage-discharge relation in accordance with the square-root-of-the-fall relation.
In practice, of course, many of the discharge measurements, if not all, might
have been obtained under backwater, and the curves would have been adjusted
to fit these measurements. Such adjustments, properly applied, would tend to
bring the diagram to the position of the solid lines, and with sufficient meas-
urements the diagram might become an adequate expression of the stage-fall-
discharge relations. Since, however, there is such sharp departure from the
square-root-of-the-fall relation, caution must be used in the extrapolation of
diagrams based on meager data.

THE BOYER METHOD

In U. S. Geological Survey Water-Supply Paper 888 (Corbett and others,1943)
it is pointed out (p. 132),
“if at a given stage two discharges 0, and Q, occur at different times with the
corresponding energy slopes S,_; and S, their relation may be expressed by the
equation [5]:

Q1/Qy = 5o17/5as""

It then is explained that, for reasons as stated above, the fall in a reach is not
a direct measure of the slope of the energy line, but

“the slope S, as expressed in equation (5) may be considered as a function of
the fall in a reach, so that the equation of relation becomes

0,/Qy="function F/F, 6

in which the falls are the difference in the heights of the water surface at the
ends of the reach. If the velocity-head increment av?/2¢ is large enough to
warrant consideration, it should be added to each observed fall. ”

Now if Q, and F,, be observed for a given backwater condition, and if Qg
and F, be observed for conditions of no backwater, a pair of ratios may be ob-
tained (Q,,/Qy and F_/Fg). If the backwater condition be permitted to change,
and another observation made of Q, and F_, a second pair of ratios becomes
available. This procedure may be repeated to obtain as many pairs of ratios as
are desired. Points may then be plotted, using the discharge ratios as ordinate
and the fall ratios as abscissa; and the nature of the function as referred to above
may be examined. Such a plot is commonly spoken of as a “Boyer diagram” in
recognition of the development work of Mr. M. C. Boyer, at the time a hydraulic
engineer of the U. S. Geological Survey.
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Figure 20 (left) is a Boyer diagram developed for the laboratory data, cross
section 2, using a length of reach of 400 feet. It will be noted that the points
plot, not as a single curve, but as a family of curves: a separate curve for each
value of y, (or Q). It will also be noted that as the discharge (represented by
value of y,) increases, the curve of relation approaches but does not reach the
position which would be represented by the relation 0,,/0, = \/m

Figure 20 (right) presents a similar study of data for cross section 3. Again
it is obvious that there is a curve for each value of yy(or Q). But here the
pattern of the curves is much more complex than for the rectangular channel; in
fact, because of the braiding of the curves a general statement is extremely
difficult. For the higher values of the discharge ratio, however, it may be noted
that, beginning with the lowest discharge, the succeeding curves of low dis-
charge, as plotted, lie progressively toward the right (toward the square-root-
of-the-fall position). Thus, reading from left to right, we find y, values of
0.250, 0,350, 0.1456, and 0.687. The condition of near-bankfull discharge at uni-
form depth, represented by the curve yy = 0.903, cuts erratically across the pat-
temn, resembling the curves for high discharge at the upper end, but resembling
the curves for low discharge at the lower end. The curve for the next higher
value of yg (1.158, with flow on the flood plain) is quite similar to the curve for
¥p = 0.230, and succeedingly higher discharge curves (y, values of 1.283, 1.704
and 2.525) fall progressively further toward the right. Thus, for yo values which
are entirely within the small rectangular channel, the pattern is similar to that
for cross section 2, and for y, values which are above the flood plain another
pattern somewhat similar to that for cross section 2 is superimposed upon the
first. The entire pattern, however, is much too complicated to be developed from
meager data such as might be collected in the field.

It is to be expected that the variation of the function, as shown in the first
Boyer ciagram, is due in substantial part to neglect of the velocity-head incre-
ment. To what extent this is true is shown by figure 21. Since the curves for
discharges of 3.90 and 40.39 second-feet (yg = 0.391 and 1.840 ft) form an enve-
lope for all the other curves developed for cross section 2, only these two have
been shown in figure 21 (left). The curves shown in continuous lines show the
range of variation of the function, with correction for velocity-head increment
but still for a reach of 400 feet. Although the curves more nearly approach the
square-root-of-the-fall relation, the variation still is quite large. Further im-
provement may now be obtained by shortening the length of reach, as indicated
by the plotting of the curves shown in dashed lines further to the right on figure
21 (left). The length of reach has been taken as 120 feet, and correction has
been made for velocity-head increment. It will be noted that these curves show
less variation, and are still closer to the position represented by the square-
root-of-the-fall relation. In fact, this relation appears to be the position which
all these curves, when corrected for change in velocity head, approach as a
limit as the reach is made shorter. This is due to the fact that, as the reach
becomes shorter, the variation of fall in the reach becomes more representative
of variation in slope at the base gage. That the square-root relation applies to
slope at the base gage is demonstrated by the curve farthest to the right in this
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figure. This curve has been drawn so that Q,,/Q is equal to the square root of
F,/Fq, and data for the 3.90 and the 40.39 second-foot discharges, for a very
short reach, and corrected for change in velocity head, have been plotted there-
on. The only differences between the curve and the plotted points appear to be
those which arise from lack of refinement of the computations. Figure 21 (right)
presents similar studies of cross section 3 data.

The computations from which these plots were made are summarized in the
tables which follow. Table 17, page 90, presents the data for the upper en-
veloping curve for cross section 2, 400-foot reach, while table 18, page 90,
presents data for the lower enveloping curve for the same cross section ard
reach. Tables 19 and 20, page 91, are corresponding data for the same cross
section, 120 foot reach. In these tables columns 5 and 6 give the discharge
ratios and fall ratios used in plotting the enveloping curves of figure 20 (left).
(The adjustments for velocity-head increment that were used in plotting figure
21 have not been shown in tables 17 to 20.) The data are derived in the follow-
ing manner: For a given observed depth, y,, and profile, Q,., the values of fall
for a 400-foot reach may be found in table 33, page 155. The computation of this
fall was as follows: For y,, = 2.00, yo = 0.391 (0, = %), cclumns 2and 3of
table 12 give L = 668.13 and elev. = 4.00439. The L is entered in column 2
of table 17. Entering the same columns of table 12 with L = 668.13 ~ 400.00 =
268.13, you find, by interpolation, a water-surface elevation of 4.00098 feet,
The difference between the two elevations, or 0.00341 feet is F,,, the observed
Tall for a reach of 400 feet as given in table 33. This is entered in column 3 of
table 17. The uniform discharge, Q,, for y = 2.00 ft, is found from table 42 of
Bulletin 381 to be 45.18 cfs, which is entered in column 4 of table 17. Values
of Fg, yg and Q,, are constant throughout table 17, and are as given in the
table heading. Columns 3 to 10, inclusive, are computed as indicated at the top
of the column., Computation of column 11, the final column, will be explained in
alater section (see page 92). For the Boyer diagrams, only the results of columns
5 and 6 are reauired. The other columns will be used in connection with other
types of diagrams.

To obtain all the cuvrves of figure 20 (left), it was necessary to compute
tables similar to table 17 for each of the profiles. For the four intermediate
profiles (those between the highest and lowest discharges) the only values that
were used were those for discharge ratio and fall ratio. These have been con-
densed into a single table, and presented as table 21, page 93.

A similar set of computations, parallel in all respects to those just de-
scribed, was required for the plotting of fignre 20 (right), the Boyer diagram for
cross section 3. These are presented as tables 22 to 25, pages 94-95, which
are comparable in form and content to tables 17 to 20, and as table 26, page
96-97, which is comparable to table 21.
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Table 17.—~Computation of stage-fall-discharge ratios, cross section 2, 400-foot
reach; y, = 0.391 ft

[Fo = 1,200 ft; Qm = 3,90 cfs]

Y. L F Q o o [Fm/Ym|Ym/Fo Yo/ ¥ |submer-

Q, /Q |FunfFo | Funf¥

2.50000 | 500,82f0,00215( 60,83]0.0641|0,0018] 0,0055}0,0009|2,0833] 0.1564] 99,91
2.00000| 668,13 ,00341}45,18| ,0863| ,0028] .0087| .0017|1,6667| 1955 99,83
1,80000 1 1735,19) ,00422}39,20) ,0995) ,0035) ,0108} .0023)1,5000{ .2172| 99,717
1,60000 | 802,38 ,00542|33,38] ,1168| ,0045| .0139| ,0034|1,3333| 2444 99,66
1,40000 | 869,771 ,00712127,72( .1407| .0059] ,0182| ,0051(1,1667) .2793] 99,49

1,20000 ) 937,52| .00977]22.23| ,1754| .0081{ ,0250| ,0081}1,0000| .3258| 99,19
1,10000 | 971,62| .01170{ 19,57 .1993| ,0098| ,0299( .0106| .9167| ,3555| 98,94
1,00000 11,005,97| .01436| 16,98| ,2297| ,0120] .0367| ,0144] ,8333| ,3910| 98,56
.90000 {1,040, 71f .01811| 14,48} .2693| ,0151| ,0463{ .0201} ,7500] .4344] 97.99
.80000 |1,076,10] ,02377] 12,09 .3226| ,0198] ,0608] ,0297| ,6667| .4888] 97.08

.70000 |1,112,60] .03263| 9.84{ ,3963| ,0272| ,0835] .0466| ,5833] .5586] 95,34
.60000 11,151,291 ,04792| 17.74| .5089| 0399} .1226| .0799| .5000 .6517| 92.01
.50000 |1,196,03f .08110| 5,81 ,6718| ,0676| .2074| ,1622| ,4167| .7820} 83,78
.46000[1,218,80| ,10878} 5,08 ,7677{ .0906( .2782( ,2365| .3833| 8500 76,35
.42000 [1,252,19| .16788] 4.38| .8904| ,1399| .4294| ,3997| .3500| ,9310| 60,03

.41000 |1,266,02| .19888{ 4,21} ,9264| .1657} .5086| ,4851] .3417} ,9537f 51.49
.40000 |1,287,88} ,25355] 4,05 ,9630| .2113| .6485| ,6339| ,3333] ,9775] 36,61
.39491 (1,810,51| .31530 3,96| .9848| ,2628{ .8064( ,7984| .3291] .9901) 20,16
.391 limit [ 1,200 3,90 1,0000 | 1,0000( 3,0691}3,0691| .3258| 1.0000}---=-~

Table 18.--Computation of stage-fall-discharge ratios, cross section 2, 400-foot
reach; y = 1.840 ft

[Fy= 1,200 ft; Qn* 40, 39 cfs]

ercent
Ym L Fn Qo |9/ |Fr/Fo | Fin Yo [Frn/Ym | Ym/Fo Vo/YmF;be:é‘:"

2.90000 | 433,060,18789(74,06|0,5454 {0,1566| 0, 10210, 0648|2.4167| 0, 6345 93, 52
2.50000 | 620,26{ ,28015/60,83| ,6640| ,2335( ,1523| ,1131|2,0833} ,7360| 88,79
2.28000 | 1744,32( ,36877|53,82| .7505| .3073]| ,2004| ,1617|1,9000{ .8070| 83,83
2.20000| 1797,30| .41639|51,32] .7870| .3470| .2263| .1893}1.8333]| ,8364 81,07
2,08000 | 892,28| .51835{47.62] .8482| .4278| .2790| ,2468|1,7333| 8846} 75,32

2.00000 | 975.80| ,61120(45,18; .8940| ,5093) .3322| ,3056(1.6667| .9200| 69.44
1.98000 /1,001,491 ,64251|44,58| ,9060 | ,5354{ .3492| ,3245]|1.6500| .9293| 67,55
1,91000 11,125,238 .79885]|42,47| ,9510| .6657] .4342| ,4182|1,6917| ,9634] 58, 18
1,90000 |1,151,20| .83069|42.17{ .9578 | .6922| .4515] .4372]|1,5833] ,9684| 56,28
1,89000 |1,181.45| .86672|41,87| .9647| ,7223| .4710| .4586]1.5750| ,9735| 54,14

1,88000 |1,217,73| ,90810(41,58| .9714| ,7568| ,4935| ,4830]1,5667| 9787} 51,7(
1,87000 [1,263,49 ,95661] 41,28 .9784| ,7972| .5199| ,5116}1,5583| ,9840} 48,84
1,86000 |1,326,69(1,01557) 40,98 ,9856 | ,8463| ,5519| .5460]1,5500] ,9892| 45,40
1,85840 |1,339,83|1,02664] 40,93( .9868 | ,85565] ,5580| .5524|1.5487] ,9901] 44,76
1.840 limit 1,200 |40.39]1,0000{1,0000f .6522] ,6522|1.5333| 1.0000{ 34.78
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Table 19,~Computation of stage-fall discharge ratios, cross section 2, 120-foot
reach; y = 0.391 ft

Fo

=0,

360 ft; Qm = 3,90 cfs]

Ym

Fm

Q

o

n

Fm/yo

an/yzn

y, /F

m o

3.60000
2.50000
2.00000
1,80000
1, 60000

1,40000
1,20000
1.10000
1,00000

.90000

. 80000
. 70000
.60000
.56000
. 50000

. 46000
.43000
. 42000
.41000
.40000

. 39491
.391

133,417
500, 82
668, 13
735,19
802,38

869,77
937,52
971,62
1,005,97
1,040,71

1,076,10
1,112,60
1,151,29
1,168,04
1,196, 03

1,218, 80
1,241,173
1,252, 19
1,266,02
1,287.88

1,310,51

limit

0, 00037
. 00086
.00149
.00190
. 00250

. 00340
. 00498
.00619

. . 00790

. 01046

.01449
.02108
. 03288
. 04071
. 05980

. 08267
. 11436
. 13165
.15674
. 19971

.24371
. 360

98.42
60, 83
45,18
39,20
33,38

27.72
22,28
19.57
16.98
14,48

12,09
84

7.74
6,95
5.81

5.08
4.56
4,38
4,21
4.05

3,96
3.90

0.0398

.[2693

.[3226
.[3963
,/5039
[5612
6713

L1677

19630

9848
1,0000

5547

L6770
1,0000

0,0009
.0022
.0038
.0049
. 0064

.0087
. 0127
.0158
.0202
.0268

.0371
. 0539
.0841
L1041
. 1529

.2114
.2926
. 3367

0,0001

10. 0000

2.7778
2,5000

2.2222
1,9444
1,6667
1,5556
1,3889

1.0970

1,0861

Table 20.~Computation of stagesfall-discharge ratios, cross section 2, 120-foot
reach; Yo = 1.840 ft

[F, = 0,360 ft; Q. = 40,39 cfs]

ercent

Ym L Fm | % QL'I/QO FonFo | F/Yo| Frn!/ Y| Y/Fo Vo/VYm fubmer-

gence

3.60000 150.460,04098| 98,421 0,4104 |0, 1138} 0, 0223} 0,0114 |10, 0000} 0,5111] 98,86

3.40000 227.95) .04699{91,31| ,4423{ .1305{ ,0255] .0138 . .5412; 98,62

2.90000 433.06] ,07314] 4,06 5454 | ,2032| ,0398] ,0252| 8,0556] .6345| 97.48

2.50000 620.26] 11087} 70,88 6640| ,3080| ,0603] .0444| 6,9444] ,7360| 95,57

2.40000 673.78] .12538] 57,62 7010} .3483] ,0681} ,0522| 6,6667] 7667 94.78

2.28000 744.321 14759 53,82] .7505{ .4100( .0802{ ,0647| 6,3333| .8070{ 93.53

2.20000 797,301 .16632| 51,32} .7870| .4620| ,0904| .0756| 6,1111] ,8364] 92,44
2,08000 892,28 .20325|47.62{ .8482] .5646( ,1105| .0977| 5.7778
2.00000 975.80) .23747|45,18] 8940 .6596] .1291| .1187| 5.5556
1,98000 1,001,49| .24749)44,58] [ 9060] .6875| .1345| .1250| 5.5000
1,91000| 1,125,231 ,29260|42,47} |.9510| .8128} ,1590| ,1532| 5,3056
1,90000| 1,151,20( ,30058|42,17( (,9578| .8349 .1634| .1582| 5.2778
1,89000) 1,181,45| .30893}41,87| |.9647| .8581| .1679| .1635] 5,2500
1,880001 1,217,738 .81765{41.58] .9714| .8824| ,1726| .1690| 5,2222
1,87000] 1,263,49) .32703|41,28} 9784 ,9084] ,1777) .1749| 5,1944
1,86000f 1,326,69| ,33696]40,98| ,9856( .9360| .1831| ,1812{ 5,1667
1,85840] 1,339,83| .33886]/40.93] .9868| .9413| ,1842| ,1823| 5,1622
1,840 lim{t .360 {40,39[1.,0000f1,0000} .1957{ ,1957| 5,1111

296350 0—54——T7
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STAGE-RATIO AND SUBMERGENCE METHODS

The stage-ratio method is described in Water-Supply Paper 888 (Corbett and
others, 1943) as having been used with some success at gaging stations in the
Ohio River and Tennessee River basins., In this method, the ratio of the gage
heights (to the same datum) at each end of the reach for each discharge measure-
ment is determined and designated as the gage ratio. At the base gage, a second
ratio is determined by dividing the effective gage height by observed gage height.
This is designated as the stage ratio (the no-backwater gage height, yq, divided
by the observed gage height, y_). Curves are developed of effective gage height
plotted against discharge, and of stage ratio plotted against gage ratio. In use,
the latter curve is entered with the gage ratio, and the stage ratio is found. With
this and the known observed gage height, the effective gage height may be com-
puted, Thereafter the discharge may be determined from the effective gage height-
discharge curve. In this method, it appears that the datum used will have consid-
erable bearing on the sensitivity, at least, of the results. Obviously, if mean sea-
level datum, for example, is used for all the gages, .all the ratios will be much
nearer to unity and the sensitivity of the curves will be less than if the datum
plane were near the channel bed.

In any event, the stage-ratio method appears to be in fact merely a less conven-
ient version of the submergence method which has at times been used at several
stations in Illinois. In this method, the ratio obtained by dividing the effective
gage height by observed gage height (yy/y,,) and multiplying by 100 is designated
as ‘‘percent effective gage height’’ and is plotted against *“percent submergence'’
to give a curve of relation. The submergence is obtained from readings of the
gages at each end of the reach by following formula:

Elev. of WS at lower gage - Elev. bed at upper gage
Submergence =

Elev. of WS at upper gage- Elev. bed at upper gage

This formula has been applied to compute column 11, the final column, of tables
17 to 20 and 22 to 25, Taking again as an example line 2 of table 17, it has been
pointed out (page 88) that the water-surface elevation at the lower gage (station
268.13) is 4.00098 ft, and at the upper gage (station 668.13) 4.00439 ft. The ele-
vation of the bed at the upper gage is SyL = 0,003 x 668.13 ft = 2.00439 ft. Hence,

4.00098 - 200439  1.99659
4.00430 - 2,00439  2.00000

submergence =

or 99.83 percent, the value which has been entered in column 11 of table 17.

Figure 22 (left), page 89, is a submergence relation curve developed from the
data for cross section 2, using a length of reach of 400 feet. It will be noted
that the points again develop a family of curves, although for this reach the
variation appears to be somewhat smaller than in the Boyer diagram for the
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Table 21.--Fall ratios and discharge ratios, cross section 2, 400 foot reach
[for profiles not shown in tables 17 and 18]

Y, = 0.612 ¥, = 0.812 y, = 1121 Y, = 1.489
ym
Fm/ rro Qm/ Qo l:‘m/ l:‘o Qm/ Qo l:‘m/ l:‘o Qm/ Qo Fm/ Fo Qm/ Qo

2.80000 e [T LTy [RRSPURUR [ - [N - 0.0897 | 0.4274
2.50000 0.0075§ 0,1313 0.0183 |0.2035 0.0496 | 0.3309 L1180 | .4968
2, 00000 .0120 | .1768 .0293 | .2740 L0816 [ .4456 .2104 | .6689
1. 80000 .0150 | .2038 .0367 | .3158 .1047 | .5135 L2913 | .7709
1.68000 | =ee--n ] ovcmae | ceceen |eemmce | meeeen| ameeea .3766 | .8467
1. 60000 L0191 | .2394 .0474 | .3709 .1408 | .6031 .4736 | .9053
1.56000 | =ev-o- | wccean | cmcean femcean | ececao | ceenae .5527 | .9373
1.54000 | =mewon | occcae | ccmeon Jacccnn | emcman | mennan .6088 | .9542
1.53000 | seeee- | -cnw .- B O TRty pe—— L6449 | L9630
1,52000 | --e--- P R, ccemes | memeus cemen- L6887 | .9717
1.51000 B T T [ e RS aaen .7448 | .9805
1,50389 | -ece-c | ccamee | secece [mmmenn | mecemn | samaes L7175 | L9863
1,489 | cecccn | emcemc | cmmccn fcmcaws | seemec | semeas 1.0000 | 1.0000
1.40000 0253 | .2882 L0640 | .4466 ,2059 | 7262 | emweee |==e-mn-
1.30000 | -=e=-- | mcemee | meecme faneean L2651 | .8068 cmmene
1.24000 | «-cece | -ccenn | cemeene |aee - 3232 | .8632 | eemecm |cmcaas
1.20000 .0353 | .3594 .0927 | .5569 .3835 | .9055 | ----- [ P
1.17000 | --eces | meman | cmeenn foaeaas L4547 | .9393 | -emeen |ee S
1.15000 | ----- R B L E L5319 | .9632 | cem-en | -eane-
1,14000 | ~eme-s | ecasnn | esanan faseeas .5925 | L9758 | memeee |-eeaa-
1,13221 | ceceee | cmmace | cmeiee fameens .6638 | .9855

1,121 | seseen | mceean | saeeie |amenen 1.0000 | 1.0000

1. 10000 .0431 | ,4083 L1174 | 06326 | —emsee | ceaae-

1.00000 L0540 | .4706 L1564 | 7291 | --eee- | meena-

.94000 | --eces | c-eme- L1956 | .T997 | w--e-- [ =meea-

. 90000 .0704 | ,5518 12362 | .B550 | wmmmem |mmmmea | emeces [ccee--

.87000 | ---eme | w-nens ,2836 | .8997 | --sce- | mce-- o | eemeee | mameae

.85000 | -e--e- | ace-aa .3328 | .9322 | -eceee [mecmen | cemwen [emmnme-

.84000 | --meem | mecnas .3686 | L9487 | ceveen | wmaa- - e ke
.83000 | --cemm | emaa- - L4196 | 9664 | ~mceme |ccmmcn | cacenc jenaaan

82012 | eeweene | acean- L5090 | .9848

LB12 | eeemee | eeennn 1.0000 |1.0000

. 80000 .0989 | ,6609 | ~----- |--e-a-

. 74000 L1273 .7453 | <eeeee femoaee

. 70000 .1580 | .B120 | ----=c |----n-

. 68000 L1802 | .BAGL | m--eie |acmean | amemee |eceme= | meweeea |eneees
. 66000 L2114 | ,8B98 | mwemue |emmeae | meceen |ememce | scceae |eceees

. 65000 2329 | ,9111 | memme= |mmmeme | ememee omemee | cemeen | mneaes

. 64000 L2616 | .9334 | ~eeeee [eeme- e | eemmnn {cmccan | ceemne |encees

. 63000 03033 | 9557 | mecmen [mmceen | eommen [ceemee | eeaas S I

. 62000 ,3782 | .9804 | ~ceeen |emeeee | mmcama-

. 61812 4046 | .9850 | =-eeee |ecmcea | ame-a-

.612 1.0000 | 1.0000 | =--=c= |oen-a- S,
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Table 22.~Computation of stage-fall-discharge ratios, cross section 5, 400-foot

reach; y_ = 0.250 ft

[F, = 1.200 ft; Q,, = 0.34 cfg]

Ym L

F
m

Q

o

Q%%

Fm/Fc

YmfFo

Yo/Ym

2,50000| 500,03
2.00000] 666,73
1,80000| 733,42
1,60000f 800,13
1.40000f 866,91

1,20000| 933,92
1,10000f 967.61
1,00000[1,001,57
.90000]1,035,81
.800001,070,32

.70000 |1, 105, 26
.60000[1,140,90
.50000(1,177,75
.400001,217,41
.30000]1,267,53

.28000|1,282,72
.27000 (1,293, 38
.26000(1,310.67
.25250(1,338.46
.250 limit

0,00008
. 00015
. 00021
. 00033
. 00066

. 00165
. 00270
.00456
. 00726
. 01077

. 01585
.02243
.03291
. 051717
.10185

. 12725
. 14911
.19072
. 26601
1,200

30.61
18,01
13,41
9.15
5.53

3.01
2,39
2,07
1,83
1,59

1,35
1,12

0,0111
.0189

1,0000

0.0001
. 0001
. 0002
. 0003
. 0006

. 0014
. 0022
.0038
.0060
. 0090

.0130
.0187
.0274
. 0431
.0849

. 1060
L1243
. 1589
.2217
1,0000

4, 8000

1,0535
4.8000

2.0833
1,6667
1,5000
1,3333
1,1667

1,0000
.9167
.8333
. 7600
.6667

.5833
.5000
.4167
.3333
.2500

.2333
.2250
.21617
.2104
.2083

0. 1000
. 1250
. 1389

1,0000

Table 23.~Computation of stage-fall-discharge ratios, cross section 5, 400-foot

reach; y = 2.525 ft

(F, = 1.200 ft; Q__ = 31,28 cfs]

n] ) Percent
3. 00000 441,59]0,30614]44.6110.7012{0,2551]0,1212| 0. 1020| 2.5000(0.8417} 89.80
2,88000 514,79 .36964[41,.14| .7603] .3080| ,1464| ,1283|2.4000| .8767] 87,17
2.80000 571,86 ,42859|38.86] .8049| ,3572) ,1697]| ,1531|2,3333] ,9018| 84,69
2.72000 640,94 .51011}|36,62! .8542{ ,4251] ,2020] .1875|2.2667| ,9283| 81,25
2.65000 721,06( .61543]34,68] .9020] .5129| .2437]| .2322|2,2083] .9528] 176.78
2.61000 784,78 .70469|33,58| .9315| ,5872| .2791| .2700|2,1750| ,9674f 173.00
2.59000 827,05| .76315|33,04f .9467] .6360] ,3022] .2947|2,1583] ,9749] 170,53
2,57000 882,75] ,83957|82.50| ,9625| .6996f .3325{ ,3267|2,1417| .9825| 67.33
2. 56000 919.69| .88714(32,23{ .9705| .7393| .3513| ,3465|2,1333| ,9863| 65.35
2.55025 966,.25| .94268( 31,97 .9784| .7856| .3733| .3696/2,1252] ,9901]| 63,04
2.525 limit | 1,200 31,28{2.0000(1,0000f .4752| ,4752] 2,1042)1,0000f 52,48
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Table 24.~Computation of stage-fall-discharge ratios, cross section 5, 120-foot
reach; y, = 0.250 ft

[Fo = 0.360 ft; QO = 0.34 cfs]

¥m

Fn

Qm/Qo

F_/F

m

F_/y

[ m "o

vy /F

m o

2.80000
2,50000
2.00000
1.80000
1.60000

1, 40000
1.20000
1, 10000
1, 00000
.90000

. 80000
. 70000
. 80000
. 50000
.45000

. 40000
. 35000
. 30000
. 28000
.27000

.26000
. 25250
. 250

400, 02
500,03

733,42
800, 13

866,91
933,92
967,61
1,001.57
1,085.81

1,070, 32
1,105.26
1,140, 90
1,177.75
1,197. 05

1,217.41
1.239,81
1,267.53
1,282.72
1,293, 38

1,310, 87
1,338,46

limit

666,73

. 360

0,00002
. 00004
. 00007
. 00010
. 00019

. 00044
.00131
.00222
. 00381
. 00605

. 00875
.01211
.01648
. 02358
. 02926

. 03753
. 05082
.07824
. 09969
. 11838

. 15370
.21496

1.0000

0,0001] 0.0001
L0001} 0002
.0002{ ,0003
.0003| .0004
L0005 .0008

.0012} ,0018
.0036] ,0052
.0062[ ,0089
.01067 ,0152
.0168( .0242

.0243] ,0350
.03361 .0484
L0457 .0658
.0655) 0943
.08131 .1170

L1042} . 1501
L1412 ,2033
.21731 .3130
.2769] 3988
.3288[ ,4735

.4269| .6148
.59711 ,8598
1.0000] 1, 4400

[=R=X~]

.0001
.0001

. 0003
.0011
. 0020
. 0038
. 0087

.0109
L0173
.0274]
.0472
. 0650

. 0938
. 1452
.2608
. 3560
.4384

L5912
.8513
1. 4400

7.7778
6.9444
5,5556
5.0000
4.4444

3,8889
3,3333
38,0556
2,7778
2,5000

2.2222
1,9444
1,6667
1.3889
1.2500

1,1111
.9722
.8333
L7718
7500

.7222
.7014
. 6944

Table 25.~Computation of stage-fall-discharge ratios, cross section 5, 120-foot
reach; y = 2.525 ft

[Fy = 0.360 ft; Q= 31,28 cfs]

Ym

Fr

Q

o

Qm/Q0

Fn/Fq

Fn/Yo |Fm/Vm

Ym/Fo

Yo/ Ym

Percent
bubmer-
gence

3. 80000
3,30000

2, 80000

2.72000
2, 65000
2,61000
2.60000
2,89000

2,58000
2,57000
2. 56000
2,55025
2,525

159,63
290,19
441,59
514,79
571,86

640,94
721,06
784.178
804. 69
827.05

852,60
882,75
919, 69
966.25
limit

0.06114
. 08469
. 12655
. 16357
17772

62.80
53.57
44,61
41,14
38.86

36,62
34,68
33.58
33.31
33.04

32,177
32,50
32,23
31,97
31,28

0.4981
.5839
.7012
. 7603
. 8049

. 8542
.9020
. 9315
.9391
. 9467

. 9545
. 9625
. 9705
.9784
1,0000

0,1698
. 2352
.3515
.4266
.4937

.5804
. 6833
. 7590
.7808
. 8039

.8282
. 8542
.8819
.9104
1,0000

0,0242
. 0335
. 0501
. 0608
. 0704

. 0828
.0974
. 1082
. 1113
. 1146

L1181
. 1218
, 1257
. 1298
. 1426

0.0170
. 0257
. 0422
. 0533
. 0635

. 0768
. 0928
. 1047
. 1081
L1117

. 1156
. 1197
. 1240
. 1285
. 1426

10, 0000
9,1667
8,3333
8.0000
7.7718

7.5556
7.3611
7.2500
7.2222
7.1944

7.1667
7.1389
7.1111
7.0840
7.0139

0.7014
1652
. 8417
. 8767
.9018

.9283
.9528
. 9674
L9712
. 9749

L9781
. 9825
.9863
.9901
1,0000

98.30
97.43
95,78
94,67
93.65

92,32
90.172
89.53
89,19
88, 83

88,44
88,03
87,60
87,15
85.74
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Table 26.--Fall ratios and discharge ratios, cross section 5, 400-foot reach

[for profiles not shown in tables 22 and 23]
y Yo = 0.350 Yo = 0.456 Yo = 0.687 Yo = 0.905
m

Foffol W% | F/Fo| WO | Ffo| W% | F/fo | W
2, 50000 0.0001 | 0,0183 0. 0002 | 0,0258 0.0006 | 0.0431 0.0013 {0.0601
2,00000 .0003 | .0311 L0005 | .0439 .0014 0733 .0028 1022
1. 80000 L0004 [ .0418 .0008 | .0589 .0022 0984 L0042 | .1372
1, 60000 L0007 | .0612 0014 | .0863 L0040 | .1443 .0074 | .2011
1, 40000 .0015| .1013 0029 | .1429 .0082 | .2387 .0160 | .3327
1.30000 | ~eseee | memmcn | emmcce | comman | memeee | meeean L0269 | .4532
1,20000 . 0038 1860 . 0077 2625 0229 | ,4385 . 0493 6113
1, 10000 L0063 | .2343 .0128 | .3305 .0405 | .5523 . 0994 7699
1.05000 | e=eecc| mccuen | meecae | coveen | cameee | cecmne 1552 8364
1,00000 .0107 2705 .0223 | .3816 L0767 | .6377 .2558 | .8889
96000 | memen | cemmee | aeeeee .3943 | .9340
194000 | m-cees | mmmeen | emeee- .5071 | .9534
293000 | -memen | =emene e 15875 | .9684
292000 | mmemen | scemon | aceen- 17005 | .9787
191405 | wemmee | mcmaco | cmeee - 17951 | .9892
905 | mmeeme | cemeen | eemeee | ccemee | emeeee | ameens 1.0000 |1.0000
.90000 0172 | .3060 0364 | .4317 | .1383 | .7213 | =neeen |mcemm-
.80000 | .0257| .3522 | .0557 | .4969 | .2432 | .8302 | ----- S
75000 | memeee | memens | ececee | acenn 13486 | L8980 | ----en |--eeen
273000 | ceeee | cmmcae | commoe | comens 4134 | 19296 | -woeee |moceen
JT1000 | ~-mmce | ccmmne | mceaee [ weaees [ 5232 | ,9635 | ecmwee |cceee-
. 70000 0377 4148 | .0846 | .5852 | .6199 | .9778 | =mewee |-ece--
L 69387 | eemeen | ccsene | ceccenfememae | ,7062 | .9851 | -e-ee- |eme-as
687 | eemmen| cmcmes | accean | eeames | 1,0000 | 1,000 | meeeen [emacae
. 60000 0559 5000 EALELRS
. 50000 L0865 .6292 | .2519{ .8876 | eeceee | amecme | acdcen lecanas
48000 | weemma | -- aee= | 3132 ,9294 | cwceme | ceccme | ceeaes eewe .-
WVAT000 | ememee | mememe | (3677 | 9634 | covcen | mmmcec | emecce [emeaan
46056 | =cevem | wemcas | 4820 | .9875 | eemeece | wmcame | cavens |ccacw-
456 | mecc-e| cacace | 1,0000 | 1.0000 | eecece | cvmees | ccoeme |ecoewoe
. 44000 L1207 7368 | =w-cee |ceemmee | ccceen [ ceceme | eedeee [ceeee-

. 40000 . 1630 8358

. 38000 1999 | 8889

. 37000 .2308 | .9333
. 36000 L2881 | .9655 | we=meace | cmemma | cevmec | aaciee | cacees |eeeae-
. 35350 03689 | .9825 | cmeeee | ceewee | seecvn | ccccmn | cmecee [aveea-
.350 1.0000 | 1.0000 —————-
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Table 26.~-Fall ratios and discharge ratios, cross section 5, 400-foot reach--Continued

. ¥, = 1.158 y, = 1.285 ¥, = 1.704
m
Fm/FO QH/QD FID/ FD Qm/ QO FII/FD Qm/ QO
2,80000 | ~=-e-= | coemes | =emccc | acace- 0.0282 |0,2908
2.50000 | 0.0027|0.0885 | 0.0057 | 0.1264 | .0452 | .3692
2.20000 | a;cees | ccmeee | aomeen | eoeens .0816 | .4941
2.00000 | .0060| .1505 0125 | .2149 | .1259 | .6274
1.90000 | =m=mee | mcmeee | cmeeoc | ameces L1674 | L7211
1.84000 | ==cees | mecmcn | cmmon faeeas .2081 | .7897
1.80000 | .0093 | 2021 0194 | .2886 | .2489 | .8427
176000 | semece | cceen | coeeee .3146 | .9018
1.75000 | ~==ee= | cmcmee | cmmees .3390 | .9180
1.74000 | ==ccme| mmcmen | wmeeon | ceeeen .3699 | .9347
1.73000 | ==-==r | m=mem= | cmcees {eceee- .4105 | .9520
1.72104 | ==amee | memome | seceee |eocee- .4710 | .9683
I ('Y S FRURY [ (P 1.0000 | 1.0000
1.60000 0164 | .2962 | 0346 | .4230 | -eeeem |ecme--
1.52000 | =-=--- 0469 | .5092 | =-emes |--eme-
144000 | =emcon | —somee 0684 | .6252
1. 40000 0366 | 4901 .0862 | .6998
1.36000 | --c-a- | —e-ne- 1149 | .7882
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same conditions (fig. 20, left). No effort has been made to correct this diagram
for change in velocity head.

Any hope that this method of correlation might be improved by shortening the
reach is shattered by the plotting of figure 22 (right), which is a similar compu-
tation for a reach of 120 feet. It will be noted that as the length of reach be-
comes shorter the variation in the curves of relation becomes greater.

Results of this technique as applied to data for cross section 5 are presented
as figure 23 (400-ft and 120-ft reaches), on page 99. It will be noted that the
family of curves for this cross section has a much greater spread than for cross
section 2.

MISCELL ANEOUS METHODS
POSSIBLE COMBINATIONS OF DIMENSIONLESS RAI10S

To the end that no meritorious method might go unexamined, a survey has
been made of the possible uses of other combinations of factors for the curve
of relation. The elements which may be used in various combinations are as
follows:

Q,,. This is the actual discharge: the discharge which is measured, or
would be obtained by a discharge measurement. ’

0¢. This is the uniform-flow discharge: the discharge which, for a given
gage reading, would exist if no backwater were present,

¥+ This is the actual depth.

yo- This is the so-called uniform depth: the depth which, for a given
discharge, would exist if no backwater were present.

F_,. This is the actual fall in the reach, as indicated by the difference
in reading of two gages set to same datum.

Fo. This is the so-called uniform fall: the fall which under conditions
of no backwater will exist for a given gage reading or a given discharge,
or both. In the laboratory channels it is independent of such variation and
is equal to 0.003 times the length of the reach. ’

c,.Vo%/2¢. The velocity head for discharge Q,, flowing at depth y.
¢, V., 2/ 2. The velocity head for discharge Q,, flowing at depth y,,.
F'. The velocity head increment, or velocity head at the upper gage

minus the velocity head at the lower gage. It is a correction to be added
to the fall.
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Two other elements (Q‘_, the “rating” discharge and F, the “rating” fall), both
of which imply the presence of appreciable backwater, will be added later, in
connection with fixed-backwater ratings. Expressions might also be written for
specific head and its variation within the reach. They might also be written for
the energy line and its variation within the reach but this, however, is point-
less at this time. In fact, there is no merit, liere, in writing expressions for
velocity head and its variation in the reach except to take cognizance of the
fact that they exist. In a search for a practical method of correcting for back-
water effects, any method which involves use of the velocity head is to be
avoided. If the velocity head is included, solutions may be made only by trial--
that is, a discharge must be assumed in order that the velocity head may be
evaluated, and the velocity head must be evaluated before the discharge may be
computed. Iience, for practical purposes, consideration may be limited now to
the first six of the above elements.

For practical use, it appears that these elements should be combined in the
form of dimensionless ratios. Since only the first two have the dimension of
L3711, these must be used together, while the remaining four (for each of which
the dimension is L) may be used in any combination. Thus the following com-
binations become possible:

e

Sk

Ym Ym ¥m Y0
o Fu Fo Fp, Fg Fy

QD
~

The reciprocals of these ratios may, of course, be used. Such use, however,
will not result in the development of any new relations, but merely in a change
in shape of the curves. In this study the above expressions have been inverted,
if need be, to obtain the range of values which tends to lie below, rather than
above, unity. The following arrangements hiave been found to be most usable:

Om Yo Fm Ym Fm Fm

Co Ym Ym Fo vo Fo

It will be mted that yoq/F has now been deleted. For any discharge this value
is a constant, regardless of the magnitude of other ratios. lence it is not suit-
able for use in these studies.

After values are computed for the six ratios listed above, curves of relation
may be obtained by plotting any one of the ratios as ordinate against any other
as abscissa. This would provide 15 methods of plotting. Practical consider-
ations, however, lead to the immediate elimination of nearly half the number. In
order that the plot may have practical use, it is necessary that in one ratio both
numerator and denominator be known and that in the second ratio one of the
values be known and the other be either @, or y;. The values which are known
(assuming that a curve or relation between uniform gage height and vniform
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discharge has been developed) are Qg, y,. F, and Fj. Of the above ratios, the
only ones containing a known value and either Q,, or y, are

Qm Yo Fm

Qo Ym Yo

’

the only ones made up of two known values are

F F Y

Fo va Fo

Thus the number of combinations that can be considered in light of the above
analysis is limited to nine, as follows

Om Fr
(1) — against --
Qo Fq
Yo . Fn
(2) — against —
Ym Fy
Fm Fm
(3) — against —
Yo Fq
n F
4 = against -
00 Vn
Yo . Fm
(5) — against —
ym ym
F F
(6) = against -
Yo Ym
Co . Im
(7) — against —
Co Fo
Yo . y
(8) — against =
Tm Fy
F, s,
9 = against =
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Data for the plotting of these relations, for the profiles of highest and lowest
discharge in both cross section 2 and cross section 5, are contained in tables
17 to 20 and 22 to 25, pages 90 to 91 and 94 to 95, derivation of which has
been previously explained.

RESULTS OF VARIOUS RATIO COMBINATIONS

The first of the above combinations already has been discussed at length.
This is the plot presented in figure 20 as the Boyer diagram.

A plot of the second combination, yo/y,, against F,/F,, has been made, al-
though the results are not shown herein. It may be demonstrated that if there is
a simple exponential relation between y, and Q, there will also be a correspond-
ing relation between (Q,/Q¢) and (y¢/¥,). In agreement with this principle,
the plots of yo/y,, against F,/F, were found to be much like the Boyer dia-
grams. There was a somewhat wider variation between the curves, and a greater
departure from the square-root-of-the-fall relation. There appeared to be no ad-
vantage over the Boyer diagram.

A study of combination (3) above, F,/y, against F,/F, reveals a limitation
in the practical use of the relations which was not covered in the preceding
discussion. This combination is lacking in one of the essential requirements,
in that neither y,, nor Q, appears in either of the ratios. Only the fall, and not
the depth, is taken into account. The relations are insufficient to give a deter-
minate result.

The fourth relation, Q,/Q, against F,/y,, develops also imo a family of
curves. [t offers so little promise that the plot has been omitted from this report.
The curves are practically superimposed for low values of Q,,/Q; but for high
values of this ratio the curves disperse rapidly, as the ratios of F_/y, approach
their limits of Fy/y,.

Somewhat the same criticism is applicable to the fifth plot, of yy/y,, against
F,/¥y In the limit, as F_ /y_ approaches F,/y(, a range of dispersion occurs
which is dependent only on the range of y, However, for a 400-foot reach of
cross section 2, the maximum error found in determining discharge byuseofa
single mean curve to represent this relation was near 2 percent. Figure 24 (left),
page 100, presents for cross section 2 the enveloping positions of the true
curves (of highest and lowest discharges used in these computations). Figure 23
(left), page 104, shows similar curves for cross section 5. Unfortunately, the
comparatively accurate results which might be obtained in the first instance
appear not to hold under other circumstances, This is further evident from figures
24 (right) and 25 (right), prepared for reaches of 120 feet. It will be noted that
the range of variation becomes considerably greater
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